
 

 

Answer on Question #66335 – Math – Differential Equations 

Question 

Solve the following equation by Jacobi’s method 

𝑥2
𝜕𝑢

𝜕𝑥
− (

𝜕𝑢

𝜕𝑥
)

2

− (
𝜕𝑢

𝜕𝑧
)

2

= 0 

 

Solution 

𝑥2 𝜕𝑢

𝜕𝑥
− (

𝜕𝑢

𝜕𝑥
)

2
− (

𝜕𝑢

𝜕𝑧
)

2
= 0  (1) 

𝑓(𝑥, 𝑧, 𝑢𝑥, 𝑢𝑧) = 𝑥2𝑢𝑥 − 𝑢𝑥
2 − 𝑢𝑧

2 

𝑓𝑢𝑥
= 𝑥2 − 2𝑢𝑥, 

𝑓𝑢𝑧
= −2𝑢𝑧, 

𝑓𝑥 = 2𝑥𝑢𝑥, 

𝑓𝑧 = 0. 

𝑑𝑥

𝑓𝑢𝑥

=
𝑑𝑧

𝑓𝑢𝑧

=
𝑑𝑢𝑥

−𝑓𝑥
=

𝑑𝑢𝑧

−𝑓𝑧
 

𝑑𝑥

𝑥2−2𝑢𝑥
=

𝑑𝑧

−2𝑢𝑧
=

𝑑𝑢𝑥

−2𝑥𝑢𝑥
=

𝑑𝑢𝑧

0
. 

Now 

𝑑𝑧

−2𝑢𝑧
=

𝑑𝑢𝑧

0
, 

−2𝑢𝑧𝑑𝑢𝑧 = 0, 

𝑑𝑢𝑧
2 = 0, 

𝑢𝑧
2 = 𝐶1, 

𝑢𝑧 = 𝐶, 

hence 

𝑢 = 𝐶𝑧 + 𝜑(𝑥) (2) 

𝑢𝑥 = 𝜑′(𝑥), 



 

 

𝑢𝑧 = 𝐶. 

Now 

𝑑𝑥

𝑥2−2𝑢𝑥
=

𝑑𝑢𝑥

−2𝑥𝑢𝑥
, 

2𝑥𝑑𝑥

𝑥2−2𝑢𝑥
=

𝑑𝑢𝑥

−𝑢𝑥
, 

𝑑𝑥2

𝑥2−2𝑢𝑥
= −

𝑑𝑢𝑥

𝑢𝑥
, 

𝑥2 = 𝑠 

𝑑𝑠

𝑠 − 2𝑢𝑥
= −

𝑑𝑢𝑥

𝑢𝑥
 

𝑢𝑥

2𝑢𝑥 − 𝑠
=

𝑑𝑢𝑥

𝑑𝑠
 

𝑢𝑥 = 𝑠 ∙ 𝑡(𝑠), 

𝑑𝑢𝑥

𝑑𝑠
= 𝑡(𝑠) + 𝑠𝑡′(𝑠), 

𝑠𝑡(𝑠)

2𝑠𝑡(𝑠)−𝑠
= 𝑡(𝑠) + 𝑠𝑡′(𝑠), 

𝑡(𝑠)

2𝑡(𝑠)−1
= 𝑡(𝑠) + 𝑠𝑡′(𝑠), 

𝑡(𝑠)

2𝑡(𝑠)−1
− 𝑡(𝑠) = 𝑠𝑡′(𝑠), 

𝑡(𝑠)−2𝑡2(𝑠)+𝑡(𝑠)

2𝑡(𝑠)−1
= 𝑠𝑡′(𝑠), 

2𝑡−1

2𝑡−2𝑡2
𝑑𝑡 =

𝑑𝑠

𝑠
, 

2𝑡−1

2𝑡(1−𝑡)
𝑑𝑡 =

𝑑𝑠

𝑠
, 

1−2𝑡

2𝑡(𝑡−1)
𝑑𝑡 =

𝑑𝑠

𝑠
, 

∫
1 − 2𝑡

2𝑡(𝑡 − 1)
𝑑𝑡 = ∫

𝑑𝑠

𝑠
 

∫ (−
1

2𝑡
−

1

2(𝑡 − 1)
) 𝑑𝑡 = ∫

𝑑𝑠

𝑠
 



 

 

−
1

2
𝑙𝑛|𝑡| −

1

2
𝑙𝑛 |𝑡 − 1| = 𝑙𝑛|𝑠| − 𝑙𝑛𝐶2 

𝑠 =
𝐶2

√𝑡(𝑡−1)
, 

𝑡2 − 𝑡 +
1

4
=

𝐶2
2

𝑠2
+

1

4
, 

𝑡 −
1

2
= √𝐶2

2

𝑠2
+

1

4
  or  𝑡 −

1

2
= −√𝐶2

2

𝑠2
+

1

4
, 

𝑡 = √𝐶2
2

𝑠2
+

1

4
+

1

2
  or  𝑡 = −√𝐶2

2

𝑠2
+

1

4
+

1

2
, 

𝑢𝑥 = 𝑡𝑠 = √𝐶2
2 +

𝑠2

4
+

𝑠

2
= √𝐶2

2 +
𝑥4

4
+

𝑥2

2
 or 𝑢𝑥 = 𝑡𝑠 = −√𝐶2

2 +
𝑥4

4
+

𝑥2

2
 

𝑢 = ∫ √𝐶2
2 +

𝑥4

4
𝑑𝑥 +

𝑥3

6
+ 𝜇(𝑧) or 𝑢 = − ∫ √𝐶2

2 +
𝑥4

4
𝑑𝑥 +

𝑥3

6
+ 𝜇(𝑧) (3) 

Comparing (2) and (3) one gets 

𝑢 = ∫ √𝐶2
2 +

𝑥4

4
𝑑𝑥 +

𝑥3

6
+ 𝐶𝑧  or  𝑢 = − ∫ √𝐶2

2 +
𝑥4

4
𝑑𝑥 +

𝑥3

6
+ 𝐶𝑧 

Check the case of  
𝜕𝑢

𝜕𝑥
= 𝑢𝑥 = 0. It follows from equation (1) that (

𝜕𝑢

𝜕𝑧
)

2
= 0, 

hence 
𝜕𝑢

𝜕𝑧
= 0. One got 

𝜕𝑢

𝜕𝑥
= 0 and 

𝜕𝑢

𝜕𝑧
= 0 simultaneously, hence  𝑢 = 𝐶1. 

Answer: 

𝑢 = ∫ √𝐶2
2 +

𝑥4

4
𝑑𝑥 +

𝑥3

6
+ 𝐶𝑧;   𝑢 = − ∫ √𝐶2

2 +
𝑥4

4
𝑑𝑥 +

𝑥3

6
+ 𝐶𝑧;  𝑢 = 𝐶1. 
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