Answer on Question #64774 — Math — Differential Equations
Question
Solve (D4+8D2-9)y=9x3+5c0s2x

Solution
Rewrite the equation (D4 +8D? —9)y =9x® +5c0s2X as
y@ +8y"” -9y =9x> +5c0s 2X .
The general solution will be the sum of the complementary and a particular solutions.
Find the complementary solution by solving
y® +8y”" -9y =0.
Assume a solution will be e*, where A is a constant.
Substituting y =e™ into the differential equation
™)@ +8(e*)" -9%™ =0,
A'e™ +81%e™ —9e™ =0,
e” (1 +84* -9)=0,
e*#0, I'+8# -9=0,
(22 +9)22 -1)=0,
(A+3iA-3i)1-1)1+1)=0.
Solving for A :
A=lor A=-1or A=3i or A=-3i.
The complementary solution is
y.=Ce*+C,e* +C,c0s3x+C,sin3x.
Determine a particular solution of y® +8y"” —9y=9x® +5c0s2x via the method of
undetermined coefficients.
A particular solution will be the sum of the particular solutions to y* +8y” -9y =9x®
and y* +8y"” —9y =5c0s2x .
A particular solution to y“ +8y” —9y = 9x? is given by
Y, =8, +a,X+ax’ +a,x’.
A particular solution to y* +8y” —9y =5c0s2x is given by
Y, =8 C0S2X+a,Sin2X .
Adding y; and y, one obtains Y, :
Yo = Y1+ Y, =a +a,Xx+a;x* +a,X’ +a, c0s 2X+ag Sin 2x..
To find the unknown coefficients a,, a,,a,, a,, &, and a, first we need to compute

@ :
(y,)® =(a +a,x+a,x? +a,¢)? +(a; cos 2x + a, sin 2x)@ =

=a,-2° cos(Zx + % : 4} +a, 2" sin(Zx + % : 4] =16a, c0os 2X +16a, sin 2x

”

"
(y,)"= (al +a,X+ax’ + a4x3) +(a, cos2x +a, sin2x) = 2a, +6a,x —4a, cos 2x — 4a, sin 2x

Substituting the particular solution y, and (yp)(4), (yp) into the differential equation



(y,)™ +8(y,)" —9y =9x° +5c0s 2X,
one gets
16a, cos 2x +16a, sin 2x + 8(2a, + 6a,X —4a, cos 2x — 4a, Sin 2X) —
—9(a, +a,X+a,x* + a,x° +a, cos 2X + a, sin 2x) = 9x* +5¢0s 2X..
Simplifying
(—9a, +16a,) + (—9a, +48a,) —9a,x* —9a,x> — 25a, c0s 2X — 253, Sin 2x = 9x* +5c0s 2X .
Then
—9a, +16a, =0
—9a, +48a,=0
-9a,=0
-9a, =9
~25a, =5
—25a, =0
The third equation (—9a, = 0) of the system gives a, =0 and substituting for a,into the
first equation (—9a, +16a, =0) one gets —9a, =0, hence a, =0.

The fourth equation (—9a, =9) of the system gives a, =—1 and substituting for a,into

the second equation (—9a, +48a, =0) onegets —9a, —48=0, hence a, = —%8 = —%.

It follows from the fifth equation ( —25a, = 5) of the system that a, = —235 = —%.

It follows from the sixth equation ( —25a, = 0) of the system that a, =0.
Solution of the system is

a=0
10
3
a,=0
a,=-1
oL
5
a; =0
Then
Y, =10, - Leosax and
3 5

y=Y.+Yy, =Ce*+Ce ™ +C;cos3x+C,sin3x - x° —%x—%cost.
Answer:

y=Y.+Yy,=Ce*+Ce” +C30053x+C4sin3x—x3—%x—%ccst.
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