
 

 

Answer on Question #64772 – Math – Differential Equations 
Question 

 
Solve 
 
  𝑦′′′ − 7𝑦′ − 6𝑦 = 1 + 𝑥. 
 

Solution 
Equation  

(𝐷3 − 7𝐷 − 6)𝑦 = 1 + 𝑥, 
that is, 

𝑦′′′ − 7𝑦′ − 6𝑦 = 1 + 𝑥 
is a linear non-homogeneous ordinary differential equation of the third order. 
First, we solve the corresponding characteristic equation: 

𝑘3 − 7𝑘 − 6 = 0, 
(𝑘 + 1)(𝑘2 − 𝑘 − 6) = 0, 

(𝑘 + 1)(𝑘 + 2)(𝑘 − 3) = 0, 
𝑘 = −1, 𝑘 = −2, 𝑘 = 3.  

Then the solution of the homogeneous differential equation is the complementary function 
𝑦с(𝑥) = 𝑐1𝑒−𝑥 + 𝑐2𝑒−2𝑥 + 𝑐3𝑒3𝑥, 

where 𝑐1, 𝑐2, and 𝑐3 are any real constants.  
The additional solution to the complementary function is a particular integral, which we looking for 
in the form of 

𝑦𝑝(𝑥) = 𝑎𝑥 + 𝑏. 

To find the unknown constants 𝑎 and 𝑏 we substitute 𝑦𝑝 into the original equation: 
(𝑎𝑥 + 𝑏)′′′ − 7(𝑎𝑥 + 𝑏)′ − 6(𝑎𝑥 + 𝑏) = 1 + 𝑥, 

−7𝑎 − 6𝑏 − 6𝑎𝑥 = 1 + 𝑥. 
Now we equate the coefficients of equal powers of x: 

−7𝑎 − 6𝑏 = 1 
and 

   −6𝑎 = 1, 
whence 

𝑎 = −
1

6
,  and  𝑏 =

1

36
. 

So we have 

𝑦𝑝(𝑥) = −
1

6
𝑥 +

1

36
. 

Finally, the general solution to the given differential equation can be written as 

𝑦(𝑥) = 𝑦с(𝑥) + 𝑦𝑝(𝑥) = 𝑐1𝑒−𝑥 + 𝑐2𝑒−2𝑥 + 𝑐3𝑒3𝑥 −
1

6
𝑥 +

1

36
. 

 

Answer:  𝑦(𝑥) = 𝑐1𝑒−𝑥 + 𝑐2𝑒−2𝑥 + 𝑐3𝑒3𝑥 −
1

6
𝑥 +

1

36
. 
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