
 

 

Answer on Question #64534 – Math – Real Analysis  

Question 

 If 𝑎 > 0, 𝑏 > 0, show that lim
𝑛→∞

(√(𝑛 + 𝑎)(𝑛 + 𝑏) − 𝑛) =
𝑎+𝑏

2
.  

Solution 

Method 1 

lim
𝑛→∞

(√(𝑛 + 𝑎)(𝑛 + 𝑏) − 𝑛) = lim
𝑛→∞

√(𝑛 + 𝑎)(𝑛 + 𝑏) − 𝑛

√(𝑛 + 𝑎)(𝑛 + 𝑏) + 𝑛

∙ (√(𝑛 + 𝑎)(𝑛 + 𝑏) + 𝑛) = lim
𝑛→∞

(𝑛 + 𝑎)(𝑛 + 𝑏) − 𝑛2

√(𝑛 + 𝑎)(𝑛 + 𝑏) + 𝑛
= 

= lim
𝑛→∞

𝑛2 + 𝑏𝑛 + 𝑎𝑛 + 𝑎𝑏 − 𝑛2

√(𝑛 + 𝑎)(𝑛 + 𝑏) + 𝑛
= lim

𝑛→∞

(𝑎 + 𝑏)𝑛 + 𝑎𝑏

√(𝑛 + 𝑎)(𝑛 + 𝑏) + 𝑛
= 

= lim
𝑛→∞

𝑛 ((𝑎 + 𝑏) +
𝑎𝑏
𝑛 )

𝑛 (√(1 +
𝑎
𝑛) (

1 +
𝑏
𝑛)

+ 1)

= 

= lim
𝑛→∞

(𝑎 + 𝑏) +
𝑎𝑏
𝑛

√(1 +
𝑎
𝑛) (

1 +
𝑏
𝑛)

+ 1

= 

=
lim
𝑛→∞

((𝑎+𝑏)+
𝑎𝑏

𝑛
)

lim
𝑛→∞

(√(1+
𝑎

𝑛
)(1+

𝑏

𝑛
)+1)

=
(𝑎+𝑏)+0

√(1+0)(1+0)+1
=

𝑎+𝑏

1+1
=

𝑎+𝑏

2
. 

QED 

Method 2 

 

Transforming the expression √(𝑛 + 𝑎)(𝑛 + 𝑏) − 𝑛 we obtain 

 



 

 

√(𝑛 + 𝑎)(𝑛 + 𝑏) − 𝑛 = √𝑛2 + 𝑛(𝑎 + 𝑏) + 𝑎𝑏 − 𝑛 = √𝑛2 (1 +
𝑎+𝑏

𝑛
+

𝑎𝑏

𝑛2
) − 𝑛 =  

= 𝑛√1 +
𝑎+𝑏

𝑛
+

𝑎𝑏

𝑛2
− 𝑛 = 𝑛(√1 +

𝑎+𝑏

𝑛
+

𝑎𝑏

𝑛2
− 1).  

Since (1 + 𝛼(𝑛))
𝛽
− 1~𝛽 ∙ 𝛼(𝑛) where lim

𝑛→∞
𝛼(𝑛) = 0, we have: 

lim
𝑛→∞

(√(𝑛 + 𝑎)(𝑛 + 𝑏) − 𝑛) = lim
𝑛→∞

𝑛 (√1 +
𝑎+𝑏

𝑛
+

𝑎𝑏

𝑛2
− 1) = lim

𝑛→∞
𝑛 ∙

1

2
∙ (

𝑎+𝑏

𝑛
+

𝑎𝑏

𝑛2
)  

= lim
𝑛→∞

(
𝑎+𝑏

2
+

𝑎𝑏

2𝑛
) =

𝑎+𝑏

2
+ 0 =

𝑎+𝑏

2
.  

QED. 
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