
 

 

Answer on Question #62064 – Math – Differential Equations 

  

Question 

A paratrooper weighing 80 kg jumps with zero velocity from an airplane at a height of 

3000 m. The air resistance encountered by the paratrooper is 𝑅 = 15𝑣(𝑡) N, where 𝑣(𝑡) 

is the velocity of the paratrooper at time 𝑡. Calculate the time required by the paratrooper 

to land and the velocity at landing.  

 

Solution 

The paratrooper moves under the influence of gravity and air resistance force. According to 

Newton’s second law: 

𝑚𝑎⃗ = 𝑚𝑔⃗ + 𝐹⃗𝑟 . 

Choose the direction of axes 𝑋  as it is shown on the Figure 1 and write down this vector equality 

in the projections on the coordinate axes 𝑋: 

𝑚𝑎 = 𝑚𝑔 − 𝐹𝑟 . 

Given that 

𝑎 =
𝑑𝑣

𝑑𝑡
   and  𝐹𝑟 = 15𝑣 

write down the differential equation modeling the situation: 

𝑚
𝑑𝑣

𝑑𝑡
= 𝑚𝑔 − 15𝑣. 

Separate the variables to obtain an equation connecting two 

integrals: 

𝑑𝑣

𝑚𝑔−15𝑣
=

𝑑𝑡

𝑚
 . 

Now integrate both sides of this equation: 

∫
𝑑𝑣

𝑚𝑔 − 15𝑣
= ∫

𝑑𝑡

𝑚
; 

−
1

15
𝑙𝑛(𝑚𝑔 − 15𝑣) =

𝑡

𝑚
+ 𝐶1 . 

Apply the initial condition to determine the constant  𝐶1. 

At time 𝑡 = 0 the velocity 𝑣 = 0 so we have: 

𝐶1 = −
1

15
𝑙𝑛(𝑚𝑔). 

The solution is: 

𝑡

𝑚
=

1

15
𝑙𝑛(𝑚𝑔) − −

1

15
𝑙𝑛(𝑚𝑔 − 15𝑣) 

𝑿 

𝟎 

𝟑𝟎𝟎𝟎 

𝒎𝒈ሬሬ⃗  

𝑭ሬሬ⃗ 𝒓 

𝒈ሬሬ⃗  
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or finally obtain: 

𝑡 =
𝑚

15
𝑙𝑛

𝑚𝑔

𝑚𝑔 − 15𝑣
 . 

Express 𝑣 from the last equation: 

𝑙𝑛
𝑚𝑔

𝑚𝑔 − 15𝑣
=

15

𝑚
𝑡; 

𝑚𝑔

𝑚𝑔 − 15𝑣
= 𝑒

15
𝑚

𝑡; 

𝑚𝑔 − 15𝑣 = 𝑚𝑔𝑒−
15
𝑚

𝑡; 

𝑣 =
𝑚𝑔

15
(1 − 𝑒−

15
𝑚

𝑡). 

Given that 

𝑣 =
𝑑𝑥

𝑑𝑡
 

we have: 

𝑑𝑥

𝑑𝑡
=

𝑚𝑔

15
(1 − 𝑒−

15
𝑚

𝑡). 

Separate variables: 

𝑑𝑥 =
𝑚𝑔

15
(1 − 𝑒−

15
𝑚

𝑡) 𝑑𝑡 . 

Now we integrate both sides and apply the initial condition to get the solution. 

Integration the differential equation gives: 

𝑥 =
𝑚𝑔

15
(𝑡 +

𝑚

15
𝑒−

15
𝑚

𝑡) + 𝐶2 , 

where 𝐶2 is a constant. 

Applying the initial condition 𝑥 = 0 when  𝑡 = 0 gives: 

𝐶2 = −
𝑚2𝑔

225
 . 

Finally: 

𝑥 =
𝑚𝑔

15
(𝑡 +

𝑚

15
𝑒−

15
𝑚

𝑡) −
𝑚2𝑔

225
 . 

At the moment of paratrooper’s landing 𝑥 = 3000 so we can calculate the time required by the 

paratrooper to land: 

𝑚𝑔𝑡

15
+

𝑚2𝑔

225
𝑒−

15
𝑚

𝑡 −
𝑚2𝑔

225
= 3000. 

Exponential factor 𝑒−
15

𝑚
𝑡
 rapidly decreases to zero with increasing time (Fig.2) and term 

𝑚2𝑔

225
𝑒−

15

𝑚
𝑡
 

tends to zero. 



 

 

 

Fig. 2 

So we have: 

𝑚𝑔𝑡

15
−

𝑚2𝑔

225
= 3000. 

The time required to land is 

𝑡𝑙 =
3000 −

𝑚2𝑔
225

𝑚𝑔
15

=
45000

𝑚𝑔
−

𝑚

15
; 

𝑡𝑙 =
45000

784
−

80

15
= 57.4 − 5.3 = 54.4 s . 

The velocity at landing is 

𝑣𝑙 =
𝑚𝑔

15
; 

𝑣𝑙 =
80 ∙ 9.8

15
=

784

15
= 52

𝑚

𝑠
. 

Answer: 54.4 s; 52 
𝑚

𝑠
. 
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