Answer on Question #60840 — Math — Algorithms | Quantitative Methods

Question

b) Set up the Gaussi-Jacobi iteration scheme in matrix form for the linear system of equations
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Show that the iteration scheme is convergent. Hence find the rate of convergence of this
method.

Solution

We have the system of equations Ax = b:

4 -1 0 X1 3
0o -1 4 X3 3

By Gauss-Jacobi method we split A into:

A=D-L-U

4 0 O 0 0 O 01 0
D={0 4 0), L={1 0 0), U={0 0 1
0 0 4 01 0 0 0 O

x&+D = p=1(L + )x® + D~ 1p

We have

Then

0
At the first iteration x(© = (O):
0

4 0 0\ '/3 1/4 0 0\ /3
x(l)=D‘1(L+U)x(°)+D‘1b=D‘1b=<O 4 0) (2>=< 0 1/4 0)(2)

Then



0.75
x® =05
0.75
At the second iteration

025 0 0 0 1 0\ /0.75 0.75
x@ =D L+xP+Dh= 0 025 0 1 0 1)]({o5 )+ 05 |=

0 0 025/\0 1 0/1\0.75 0.75

0 025 O 0.75 0.75 0.125 0.75 0.875
= (0.25 0 0.25) ( 0.5 ) + ( 0.5 ) = (0.1875) + ( 0.5 ) = (0.6875)
0 025 O 0.75 0.75 0.125 0.75 0.875

At the third iteration

025 0 0 0 1 0\ /0.875 0.75
x® =DM L+x@P+D b= 0 025 0 1 0 1](06875)+]| 05

0 0 025/\0 1 O 0.875 0.75
0.21875 0.75 0.96875
0.34375 |+{ 0.5 | = 0.84275
0.21875 0.75 0.96875
As we see it converges to
1
x=11
1
4 -1 0
The scheme is convergent, because the matrix A = <—1 4 —1) is positive-definite by
0 -1 4
Sylvester’s criterion.
Indeed,
4 -1
Ay=4>0,A,= |_1 ) | —4-4—(-1)-(-1)=16—-1=15>0,
4 -1 0
b=l-1 4 —1|=4|t T+ Y =415-4=56>0
0 -1 4 -1 4 0 4

It follows from
x&+D = p=1(L + )x® + D~ 1p
that

x®+D = 7x®) 4 ¢ where k > 0,



) 20 0
4 0 O 0 0 O 0 1 0 4 L
T=D‘1(L+U)=O40'100+001=OZO-
0 0 4 010/ \o o0 o0 0 0 1/
4
0 1/4 0
=<1/4 0 1/4),
0 1/4 0
4 0 0\ '/3 1/4 0 0\ /3 0.75
=Dpb=(0 4 0 2]l=( 0 1/4 0O 2= 05 |
0 0 4 3 0 0 1/4/ \3 0.75
Eigenvalues of matrix T are 1, = — % A, = % A3 = 0, hence the spectral radius is
p(T) = msx{|A1], 122, 1451} = ;5 < 1.

Choose a matrix norm and calculate

i1 = Jstampaleal = () + Q)+ )+ () = o () =2 3=3 <1

The following error bound hold:

e = x @I < T} = ],

IT|l*
= x| < L1 [y  xo

k log(e)
If |IT||* < &, then k < g (I D"

Asymptotically the error vector e;, behaves at worst like (o(T))¥, where e, = x — x(®),

eg =x—x©,
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