Answer on Question #59112 — Math — Abstract Algebra
Theorem

Let G be a group with identity element e, and let H be a subset of G. Then H is a
subgroup of G if and only if the following conditions hold:

(i)abeH forall a,b e H;
(i) e H;
(iii)ateH forall ac H.

Question
1) Prove that H={a+ib €C, a*2+b”2=1}is a subgroup of C, where C is complex number.

Solution
Check 3 conditions according to Theorem.

i. Consider arbitrarily h1, hoe H: h1=a1+ib1, a12 +b_|_2 21; h2=az+ib2, a% +b22 =1.
Prove that hih, e H.
hihy=( a1+ib1)( az+ib2)=(a1az-b1ib;)+i(b1ax+aiby);

but (ai1a2-bibz)?+(biaz+aibz)*= a12 a§—2a1 a, by b, +bl2 b22+bl2 a% +2 bla2a1b2+a12 b22 =

=af (a5 +b3)+bf (a3 +b3 )= (a3 +bf)(al +b)=1, then hih,eH. ;

ii. Prove that forheH we have h'leH:

hi=( a+ib) 1= 1 _ a—ib _a-ib _ a i -b
a+ib (a+ib)a-ib) a?+p? a?+b?  a?+b?’
2 2 2 2,12
a ) ~b j a b a®+b 1 .
but + = + = =-=1,soh'eH:
(a2+b2j (a2+b2 (@°+b%)? (a®+b%)* (a°+b%)* 1

iii. Identity element e=1=1+0i eH.

From conditions i) and ii), iii) of Theorem it follows that H is a subgroup of C.

Note that associativity follows from the associativity of complex numbers multiplication.
Question

2) H be set of real number a+bv2 where a,b € Q. Show that H be a subgroup of non-zero real

no. under multiplication.

Solution

Check 3 conditions of Theorem:
i. Consider arbitrarily hy, hoe H : hi- a1+b1v2 hy=a+b,V2; Prove that hih, e H.



hihy= (a1+b1V2 )(az+b2v2)= (a1 a2 +2 b1 bz)+ V2(a1 b2 + b1 a2);
a,b € Qthen c=(a1a2+2 b1 by) € Qand d=(a1 b2+ b1 a2) €Q, so hitho=c+dv2 eH.

i, hiz(a+by2)le — = = a—by2 _a-by2 __a  -b J2;
a+bv2 (a+bv2)@a-bv2) a?-202 a2-20%2 a-2b?
a —
a,b€Q, s= ;t= ,s,t€EQ; h'l=s+tv2e H;
a? - 2p? a? —2b?

iii. Identity element e=1=1+0v2 eH

From conditions i) and ii) , iii) of Theorem it follows that H is a subgroup of non-zero real no.
under multiplication.

Note that associativity follows from the associativity of multiplication of the real numbers.
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