
 

 

Answer on Question #58425 – Math – Vector Calculus 

 
Question 

 
1.  𝜑 = 2𝑥𝑧4 − 𝑥2𝑦 Find |∇φ⃗⃗ | at some point.  

Solution 

 ∇φ⃗⃗ =
𝜕𝜑

𝜕𝑥
𝑖 +

𝜕𝜑

𝜕𝑦
𝑗 +

𝜕𝜑

𝜕𝑧
𝑘⃗ = (2𝑧4 − 2𝑥𝑦)𝑖 − 𝑥2𝑗 + 8𝑥𝑧3𝑘⃗   

|∇φ⃗⃗ | = √(2𝑧4 − 2𝑥𝑦)2 + 𝑥4 + 64𝑥2𝑧6 

Point (𝑥, 𝑦, 𝑧)was not specified. 

  

Question 

 

2.  𝜑 = 3𝑥2𝑦 − 𝑦3𝑧2 Find ∇φ⃗⃗  at point (1;-2;-1) 

 

Solution 

 ∇φ⃗⃗ =
𝜕𝜑

𝜕𝑥
𝑖 +

𝜕𝜑

𝜕𝑦
𝑗 +

𝜕𝜑

𝜕𝑧
𝑘⃗ = 6𝑥𝑦𝑖 + (3𝑥2 − 3𝑦2𝑧2)𝑗 − 2𝑧𝑦3𝑘⃗  

Then we put point’s coordinates in the previous expression: 

∇φ⃗⃗ (1;−2;−1) = −12𝑖 − 9𝑗 − 16𝑘⃗  
 

Answer: ∇φ⃗⃗ (1;−2;−1) = −12𝑖 − 9𝑗 − 16𝑘⃗ . 
Question 

 

3.  Find unit normal to a surface: 𝑥2𝑦 + 2𝑥𝑧 = 4 at a point (2;-2;3) 

 

Solution 

First, we rewrite the surface equation in the form of  F(x,y,z)=0.  

𝑥2𝑦 + 2𝑥𝑧 − 4 = 0. 

A normal to a surface can be found as (𝐹𝑥
′(𝐴); 𝐹𝑦

′(𝐴); 𝐹𝑧
′(𝐴)), where A is the point (2;-2;3). 

𝐹𝑥
′(𝐴) = 2𝑥𝑦 + 2𝑧 = −4 

𝐹𝑦
′(𝐴) = 𝑥2 = 4 

𝐹𝑧
′(𝐴) = 2𝑥 = 4 

Vector is (-4;4;4) or  (23;-23;-23). 

 

Answer: (-4;4;4) or  (23;-23;-23). 

 

Question 

 

4.  𝜑 = 𝑥𝑦2𝑧  𝐴 = 𝑥𝑧𝑖 − 𝑥𝑦2𝑗 + 𝑦𝑧2𝑘⃗ . Find 
𝜕3𝜑𝐴 

𝜕𝑥2𝜕𝑧
. 

 

Solution 

 𝜑𝐴 =  𝑥2𝑦2𝑧2𝑖 − 𝑥2𝑦4𝑧𝑗 + 𝑥𝑦3𝑧3𝑘⃗   
 

𝜕3(𝜑𝐴 )

𝜕𝑥2𝜕𝑧
=

𝜕2 𝜕(𝜑𝐴 )
𝜕𝑧

𝜕𝑥2
=

𝜕2(2𝑥2𝑦2𝑧𝑖 − 𝑥2𝑦4𝑗 + 3𝑥𝑦3𝑧2𝑘⃗ )

𝜕𝑥2
= 4𝑦2𝑧𝑖 − 2𝑦4𝑗  

Answer should be based on point (not given in task), but most appropriate from answers given: 
𝜕3(𝜑𝐴 )

𝜕𝑥2𝜕𝑧
= 4𝑦2𝑧𝑖 − 2𝑦4𝑗 = 4𝑖 − 2𝑗 . 

 



 

 

 

 

Question 

 

5.  𝜑 = 2𝑥2𝑦 − 𝑥𝑧3. Find  ∇2φ⃗⃗ . 
Solution 

 ∇φ⃗⃗ =
𝜕𝜑

𝜕𝑥
𝑖 +

𝜕𝜑

𝜕𝑦
𝑗 +

𝜕𝜑

𝜕𝑧
𝑘⃗ = (4𝑥𝑦 − 𝑧3)𝑖 + 2𝑥2𝑗 − 3𝑥𝑧2𝑘⃗  , 

∇2φ⃗⃗ = 16𝑥2𝑦2 + 𝑧6 − 8𝑥𝑦𝑧3 + 4𝑥4 + 9𝑥2𝑧4 

Answer:  ∇2φ⃗⃗ = 16𝑥2𝑦2 + 𝑧6 − 8𝑥𝑦𝑧3 + 4𝑥4 + 9𝑥2𝑧4 
 

Question 

 

6.  𝐴 = 𝑥𝑧3𝑖 − 2𝑥2𝑦𝑧𝑗 + 2𝑦𝑧𝑘⃗  . Find[∇ ∗ 𝐴 ] at point (1;-1;1). 

 

Solution 

 [∇ ∗ 𝐴 ] = (−
𝜕2𝑦𝑧

𝜕𝑧
−

𝜕2𝑥2𝑦𝑧

𝜕𝑦
) 𝑖 + (−

𝜕2𝑦𝑧

𝜕𝑥
+

𝜕𝑥𝑧3

𝜕𝑧
) 𝑗 + (−

𝜕𝑥𝑧3

𝜕𝑦
−

𝜕2𝑥2𝑦𝑧

𝜕𝑥
) 𝑘⃗ = (−2𝑦 − 2𝑥2𝑧)𝑖 +

3𝑥𝑧2𝑗 − 4𝑥𝑦𝑧𝑘⃗  
Now we put point’s coordinates  𝑥 = 1, 𝑦 = −1, 𝑧 = 1  in the previous expression: 

  [∇ ∗ 𝐴 ] = 3𝑗 + 4𝑘⃗  . 

Answer:  [∇ ∗ 𝐴 ] = 3𝑗 + 4𝑘⃗ . 
 

Question 

 

7.  𝐴 = 𝐴1𝑖 + 𝐴2𝑗 + 𝐴3𝑘⃗    𝑟 = 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘⃗  . Evaluate ∇⃗⃗ ∙ (𝐴 ∗ 𝑟 ). 

 

Solution 

  ∇⃗⃗ ∙ (𝐴 ∗ 𝑟 ) = ∇A
⃗⃗ ⃗⃗  ∙ (𝐴 ∗ 𝑟 ) + ∇r

⃗⃗⃗⃗ ∙ (𝐴 ∗ 𝑟 ) = r ∙ (∇A
⃗⃗ ⃗⃗  ∗ 𝐴 ) − A⃗⃗ ∙ (∇r

⃗⃗⃗⃗ ∗ 𝑟 ). 

As 𝐴  is constant ∇A
⃗⃗ ⃗⃗  ∗ 𝐴 =0. ∇r

⃗⃗⃗⃗ ∗ 𝑟 =0 by definition. So answer is 0. 

 

Answer:  ∇⃗⃗ ∙ (𝐴 ∗ 𝑟 ) = 0. 

Question 

 

 

8.  𝐴 = 𝑥2𝑦𝑖 − 2𝑥𝑧𝑗 + 2𝑦𝑧𝑘⃗  Find 𝐶𝑢𝑟𝑙 𝑐𝑢𝑟𝑙 𝐴 . 
 

Solution 

𝐶𝑢𝑟𝑙 𝑐𝑢𝑟𝑙 𝐴  𝑖𝑠 𝑡ℎ𝑒  𝑠𝑎𝑚𝑒 𝑎𝑠 [∇⃗⃗ ∗ [∇⃗⃗ ∗ 𝐴 ]]. 
 

 [∇⃗⃗ ∗ [∇⃗⃗ ∗ 𝐴 ]] = 𝑔𝑟𝑎𝑑(𝑑𝑖𝑣𝐴 ) − ∆𝐴 = 𝑔𝑟𝑎𝑑(2𝑥𝑦 + 2𝑦) − (2𝑦𝑖 ) = 2𝑦𝑖 + (2𝑥 + 2)𝑗 − 2𝑦𝑖 = 

= (2𝑥 + 2)𝑗 . 
 

Answer: [∇⃗⃗ ∗ [∇⃗⃗ ∗ 𝐴 ]] = (2𝑥 + 2)𝑗 . 

 

Question 

 

9. 𝐴 = 2𝑥2𝑖 − 3𝑦𝑧𝑗 + 𝑥𝑧2𝑘⃗   𝜑 = 2𝑧 − 𝑥3𝑦 Find 𝐴 ∙ ∇𝜑 at point (1;-1;1). 

Solution 



 

 

 ∇𝜑 = −3𝑥2𝑦𝑖 − 𝑥3𝑗 + 2𝑘⃗   

𝐴 ∙ ∇𝜑 = −6𝑥4𝑦 + 3𝑦𝑧𝑥3 + 2𝑥𝑧2 
 

Put point’s coordinates 𝑥 = 1, 𝑦 = −1, 𝑧 = 1 in the last expression: 

𝐴 ∙ ∇𝜑(1;−1; 1) = 6 − 3 + 2 = 5 
 

Answer: 𝐴 ∙ ∇𝜑(1;−1; 1) = 5. 

Question 

 

10. Find the directional derivative of 𝜑 = 𝑥2𝑦𝑧 + 4𝑥𝑧2  in direction 𝑙 =  2𝑖 − 𝑗 − 2𝑘⃗  at point 

(1;-2;-1) 

Solution 

 ∇𝜑 = (2𝑥𝑦𝑧 + 4𝑧2)𝑖 + 𝑥2𝑧𝑗 + (𝑥2𝑦 + 8𝑥𝑧)𝑘⃗   
Directional derivative is 𝑙 ∙ ∇𝜑 = 2(2𝑥𝑦𝑧 + 4𝑧2) − 𝑥2𝑧 − 2(𝑥2𝑦 + 8𝑥𝑧) 

Putting values 𝑥 = 1, 𝑦 = −2, 𝑧 = −1 in the previous expression 

 𝑙 ∙ ∇𝜑 = 2(4 + 4) + 1 − 2(−2 − 8) = 16 + 1 + 20 = 37 
 

Answer: 𝑙 ∙ ∇𝜑 = 37. 
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