
 

 

Answer on Question #53070 – Math  – Integral   Calculus 

Integrate: 

∫
𝑑𝑥

𝑎 + 𝑏𝑠𝑖𝑛𝑥
  

Solution 

Let 

𝑡 = 𝑡𝑎𝑛
𝑥

2
 

By the double-angle formula for the sine function 

𝑠𝑖𝑛 𝑥 = 2 sin
𝑥

2
 𝑐𝑜𝑠

𝑥

2
= 2𝑡𝑐𝑜𝑠2

𝑥

2
=

2𝑡

𝑠𝑒𝑐2 𝑥
2

=
2𝑡

1 + 𝑡2
 

The differential 𝑑𝑥 can be calculated as follows: 

𝑑𝑡

𝑑𝑥
=

1

2
𝑠𝑒𝑐2

𝑥

2
=

1 + 𝑡2

2
 

𝑑𝑥 =
2

1 + 𝑡2
𝑑𝑡 

Substitute 

∫
𝑑𝑥

𝑎 + 𝑏𝑠𝑖𝑛𝑥
 = ∫

2
1 + 𝑡2 𝑑𝑡

𝑎 + 𝑏
2𝑡

1 + 𝑡2

= ∫

2
1 + 𝑡2 𝑑𝑡

𝑎 + 𝑎𝑡2 + 2𝑏𝑡
1 + 𝑡2

 = ∫
2𝑑𝑡

𝑎 + 𝑎𝑡2 + 2𝑏𝑡

= ∫
2𝑑𝑡

𝑎 (𝑡2 +
2𝑏
𝑎

𝑡) + 𝑎
 = ∫

2𝑑𝑡

𝑎 (𝑡2 + 2
𝑏
𝑎

𝑡 + (
𝑏
𝑎

)
2

− (
𝑏
𝑎

)
2

) + 𝑎

= ∫
2𝑑𝑡

𝑎 ((𝑡 +
𝑏
𝑎

)
2

− (
𝑏
𝑎

)
2

) + 𝑎

= ∫
2𝑑𝑡

𝑎 (𝑡 +
𝑏
𝑎

)
2

−
𝑏2

𝑎
+ 𝑎

=
2

𝑎
∫

𝑑𝑡

(𝑡 +
𝑏
𝑎

)
2

+ 1 − (
𝑏
𝑎

)
2

=
2

𝑎
∫

𝑑 (𝑡 +
𝑏
𝑎

)

(𝑡 +
𝑏
𝑎

)
2

+ 1 − (
𝑏
𝑎

)
2 =

2

𝑎
∫

𝑑 (𝑡 +
𝑏
𝑎

)

(𝑡 +
𝑏
𝑎

)
2

+ 1 − (
𝑏
𝑎

)
2 

Now we have 3 different cases: 

1) If 1 − (
𝑏

𝑎
)

2
≥ 0, which is equivalent to 𝑎2 ≥ 𝑏2 

https://en.wikipedia.org/wiki/Double-angle_formula


 

 

𝐼 =
2

𝑎
∫

𝑑(𝑡+
𝑏

𝑎
)

(𝑡+
𝑏

𝑎
)

2
+1−(

𝑏

𝑎
)

2 =
2

𝑎

1

√1−(
𝑏

𝑎
)

2
𝑎𝑟𝑐𝑡𝑎𝑛 (

𝑡+
𝑏

𝑎

√1−(
𝑏

𝑎
)

2
) + 𝐶 =

2

√𝑎2−𝑏2
𝑎𝑟𝑐𝑡𝑎𝑛 (

𝑎 𝑡𝑎𝑛
𝑥

2
+𝑏

√𝑎2−𝑏2
) +

+𝐶, 

where C is an arbitrary real constant. 

2) If 1 − (
𝑏

𝑎
)

2
= 0 => 𝑎2 = 𝑏2 

𝐼 =
2

𝑎
∫

𝑑 (𝑡 +
𝑏
𝑎

)

(𝑡 +
𝑏
𝑎

)
2

+ 1 − (
𝑏
𝑎

)
2 =

2

𝑎
∫

𝑑 (𝑡 +
𝑏
𝑎

)

(𝑡 +
𝑏
𝑎

)
2 =

2

𝑎
∫ (𝑡 +

𝑏

𝑎
)

−2

𝑑 (𝑡 +
𝑏

𝑎
) =

2

𝑎

(𝑡 +
𝑏
𝑎

)
−2+1

(−2 + 1)

+ 𝐶 =
−2

𝑎 (𝑡 +
𝑏
𝑎

)
+ 𝐶 =

−2

𝑎 𝑡𝑎𝑛
𝑥
2

+ 𝑏
+ 𝐶 

3) If 1 − (
𝑏

𝑎
)

2
≤ 0 => 𝑎2 ≤ 𝑏2 

𝐼 =
2

𝑎
∫

𝑑 (𝑡 +
𝑏
𝑎

)

(𝑡 +
𝑏
𝑎

)
2

+ 1 − (
𝑏
𝑎

)
2 =

2

𝑎
 
1

2
𝑙𝑛 |

|
𝑡 +

𝑏
𝑎

− ((
𝑏
𝑎

)
2

− 1)

𝑡 +
𝑏
𝑎

+ ((
𝑏
𝑎

)
2

− 1)
|
| + 𝐶

=
1

𝑎
𝑙𝑛 |

|
𝑡𝑎𝑛

𝑥
2

+
𝑏
𝑎

− ((
𝑏
𝑎

)
2

− 1)

𝑡𝑎𝑛
𝑥
2

+
𝑏
𝑎

+ ((
𝑏
𝑎

)
2

− 1)
|
| + 𝐶 

Answer: 
2

√𝑎2−𝑏2
𝑎𝑟𝑐𝑡𝑎𝑛 (

𝑎 𝑡𝑎𝑛
𝑥

2
+𝑏

√𝑎2−𝑏2
) + 𝑐, if 𝑎2 > 𝑏2 

−2

𝑎 𝑡𝑎𝑛
𝑥

2
+𝑏

+ 𝐶, if  𝑎2 = 𝑏2 

1

𝑎
𝑙𝑛 |

𝑡𝑎𝑛
𝑥

2
+

𝑏

𝑎
−((

𝑏

𝑎
)

2
−1)

𝑡𝑎𝑛
𝑥

2
+

𝑏

𝑎
+((

𝑏

𝑎
)

2
−1)

| + 𝐶, if 𝑎2 < 𝑏2 
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