
 

 

Answer on Question #51516 – Math – Differential Geometry 

Question 

1) Find the point of maximum curvature on the graph of y = ex 

2) Find the minimum and maximum curvatures of ellipse r(t) = (a*cos t, b*sin t), 0<=t<=2pi, where 

a>b. 

Solution 

1) Curvature is given by  

k(x) = 
𝑦′′

(1+(𝑦′)2)3/2 =  
𝑒𝑥

(1+𝑒2𝑥)3/2 . 

To find the point of maximum, we can start with the first derivative of function k(x): 

𝑘′(𝑥) =  
𝑒𝑥(1 + 𝑒2𝑥)

3
2 − (

3
2) (1 + 𝑒2𝑥)

1
2 ∗ 2 ∗ 𝑒2𝑥𝑒𝑥

(1 + 𝑒2𝑥)3
= 0; 

𝑘′(𝑥) =
𝑒𝑥(1 + 𝑒2𝑥)

1
2

(1 + 𝑒2𝑥)3
(1 + 𝑒2𝑥 − 3𝑒2𝑥) = 0; 

𝑘′(𝑥) =
𝑒𝑥(1 + 𝑒2𝑥)

1
2

(1 + 𝑒2𝑥)3
(1 − 2𝑒2𝑥) = 0; 

𝑒2𝑥 =
1

2
; 

                                                                              𝑥0 =
1

2
𝑙𝑛

1

2
. 

k’(x) is going to be negative for x greater than x0 and positive for x < x0. By the first sufficient 

condition of maximum, x0 is the maximum value of curvature k(x). 

Answer: 𝒙𝟎 =
𝟏

𝟐
𝒍𝒏

𝟏

𝟐
. 

2) x(t) = acos t;   y(t) = bsin t, 0 ≤ 𝑡 ≤ 2𝜋.  

Curvature is given by 

k(t) = 
𝑥′𝑦′′−𝑦′𝑥′′

(𝑥′2+𝑦′2)
3
2

=  
𝑎𝑏 𝑠𝑖𝑛(𝑡)sin (t)+𝑎𝑏𝑐𝑜𝑠(𝑡)cos (𝑡)

((− asin(𝑡))2+(𝑏𝑐𝑜𝑠(𝑡))
2

)

3
2

=  
𝑎𝑏 (sin2(t)+ cos2(t))

((asin(𝑡))2+(𝑏𝑐𝑜𝑠(𝑡))
2

)

3
2

=  

=
𝑎𝑏 

((asin (𝑡))2 + (𝑏𝑐𝑜𝑠(𝑡))2)3/2
=

𝑎𝑏 

(𝑏2 + (𝑎2 − 𝑏2)𝑠𝑖𝑛2(𝑡))3/2
. 



 

 

This quantity is minimum when denominator is maximum, i.e. for sin2t = 1 where a>b. The 

minimum curvature points are at t = tmin = π/2; 3π/2, hence x = 0; y = ± b and the minimum 

curvature is kmin = 
𝒂𝒃

𝒂𝟑
=

𝒃

𝒂𝟐
 , where a>b. 

This quantity is maximum when denominator is minimum, i.e. for sin2t = 0 where a>b. The 

maximum curvature points are at t = tmax = 0; π, hence x = ± a; y = 0 and the maximum curvature 

is kmax = 
𝒂𝒃

𝒃𝟑 =  
𝒂

𝒃𝟐,  where a>b.  

Note that the maximum curvature is kmax =
𝒃

𝒂𝟐  and the minimum curvature is  kmin=  
𝒂

𝒃𝟐,   where 

a<b. 

Answer: kmin = b/a2; kmax = a/b2, where a>b. 
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