
 

 

Answer on Question #51422 – Math – integral Calculus 

∫ 1 / [(𝑥)^𝑚 + (𝑥)^𝑛] 𝑑𝑥 =? show process please (𝑚, 𝑛 are integers). 

Solution 

Denote constant item by 𝑐. 

1) 𝑚 = 𝑛 

∫
𝑑𝑥

2𝑥𝑛
=
1

2
∫
𝑑𝑥

𝑥𝑛
= [

1
2 ln |𝑥| + 𝑐, 𝑛 = 1

𝑥1−𝑛

2(1 − 𝑛)
+ 𝑐, 𝑛 ≠ 1

 . 

2) 𝑚 ≠ 𝑛 

Assume that 𝑚 > 𝑛. Denote 𝑘 = 𝑚 − 𝑛. 

So: 

∫
𝑑𝑥

𝑥𝑚 + 𝑥𝑛
= ∫

𝑑𝑥

𝑥𝑛+𝑘 + 𝑥𝑛
= ∫

𝑑𝑥

𝑥𝑛(𝑥𝑘 + 1)
; 

It follows from the fundamental theorem of algebra, that we can expand 𝑥𝑘 + 1 into a 

product of linear and quadratic polynomials with real coefficients: 

𝑥𝑘 + 1 = [
(𝑥 + 1)(𝑥2 + 𝑎1𝑥 + 𝑏1)… (𝑥

2 + 𝑎𝑝𝑥 + 𝑏𝑝), 2 ∤ 𝑘

(𝑥2 + 𝑎1𝑥 + 𝑏1)… (𝑥2 + 𝑎𝑝𝑥 + 𝑏𝑝), 2 | 𝑘
; 

So we can expand fraction 
1

𝑥𝑛(𝑥𝑘+1)
 into the following sum: 

1

𝑥𝑛(𝑥𝑘 + 1)
=
𝑐1
𝑥
+⋯+

𝑐𝑛
𝑥𝑛
+
𝛿(𝑘)𝑐𝑛+1
𝑥 + 1

+
𝑑1𝑥 + 𝑓1

𝑥2 + 𝑎1𝑥 + 𝑏1
+⋯+

𝑑𝑝𝑥 + 𝑓𝑝

𝑥2 + 𝑎𝑝𝑥 + 𝑏𝑝
, 

where all coefficients 𝑐𝑖, 𝑑𝑖, 𝑓𝑖  are real and 𝛿(𝑘) = [
1,2 ∤ 𝑘

0,2 | 𝑘
; 

Hence: 

∫
𝑑𝑥

𝑥𝑛(𝑥𝑘 + 1)
= 𝑐1∫

𝑑𝑥

𝑥
+⋯+ 𝑐𝑛∫

𝑑𝑥

𝑥𝑛
+ 𝛿(𝑘)𝑐𝑛+1∫

𝑑𝑥

𝑥 + 1
+ ∫

𝑑1𝑥 + 𝑓1
𝑥2 + 𝑎1𝑥 + 𝑏1

𝑑𝑥 + 

+⋯+∫
𝑑𝑝𝑥 + 𝑓𝑝

𝑥2 + 𝑎𝑝𝑥 + 𝑏𝑝
𝑑𝑥 ; 

The first 𝑛 integrals are computed in 1). 

∫
𝑑𝑥

𝑥 + 1
= ln |𝑥 + 1| + 𝑐; 

The last 𝑝 integrals can by computed in the following way: 

∫
𝑑𝑥 + 𝑓

𝑥2 + 𝑎𝑥 + 𝑏
𝑑𝑥 = ∫

𝑑𝑥 + 𝑓

(𝑥 +
𝑎
2)

2

+ 𝑏 −
𝑎2

4

𝑑𝑥 = [𝑥 +
𝑎

2
= 𝑦] = 

= ∫
𝑑′𝑦 + 𝑓′

𝑦2 + 𝑏 −
𝑎2

4

𝑑𝑦 =
𝑑′

2
∫

𝑑(𝑦2)

𝑦2 + 𝑏 −
𝑎2

4

+ 𝑓′∫
𝑑𝑦

𝑦2 + 𝑏 −
𝑎2

4

= 

=
𝑑′

2
ln |𝑦2 + 𝑏 −

𝑎2

4
| + 𝑐 + 𝑓′∫

𝑑𝑦

𝑦2 + 𝑏 −
𝑎2

4

= 



 

 

=
𝑑′

2
ln |(𝑥 +

𝑎

2
)2 + 𝑏 −

𝑎2

4
| + 𝑐 + 𝑓′∫

𝑑𝑦

𝑦2 + 𝑏 −
𝑎2

4

; 

∫
𝑑𝑦

𝑦2 + 𝑏 −
𝑎2

4

=

{
 
 
 
 
 

 
 
 
 
 

1

√𝑏 −
𝑎2

4

arctan
𝑦

√𝑏 −
𝑎2

4

+ 𝑐, 𝑏 −
𝑎2

4
> 0

−
1

𝑦
+ 𝑐, 𝑏 −

𝑎2

4
= 0

1

2√𝑏 −
𝑎2

4

ln |
𝑥 − √𝑏 −

𝑎2

4

𝑥 + √𝑏 −
𝑎2

4

| , 𝑏 −
𝑎2

4
< 0

. 
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