
 

 

Answer on Question #51421 – Math – Integral Calculus: 

∫
𝑑𝑥

𝑥3+𝑥8
=? Show process please. 

Solution 

Denote 𝜙 =
√5−1

2
. So: 

𝜙2 =
6 − 2√5

4
=
3 − √5

2
= 1 − 𝜙; 

We have that: 

(𝑥2 + 𝜙𝑥 + 1) (𝑥2 −
1

𝜙
𝑥 + 1) = 𝑥4 + (𝜙 −

1

𝜙
) 𝑥3 + 𝑥2 + (𝜙 −

1

𝜙
) 𝑥 + 1 = 

= 𝑥4 +
𝜙2 − 1

𝜙
𝑥3 + 𝑥2 +

𝜙2 − 1

𝜙
𝑥 + 1 = 𝑥4 +

−𝜙

𝜙
𝑥3 + 𝑥2 +

−𝜙

𝜙
𝑥 + 1 = 

= 𝑥4 − 𝑥3 + 𝑥2 − 𝑥 + 1. 

So: 

𝑥3 + 𝑥8 = 𝑥3(𝑥5 + 1) = 𝑥3(𝑥 + 1)(𝑥4 − 𝑥3 + 𝑥2 − 𝑥 + 1) = 

= 𝑥3(𝑥 + 1)(𝑥2 + 𝜙𝑥 + 1) (𝑥2 −
1

𝜙
𝑥 + 1) ; 

Expand 
1

𝑥3+𝑥8
 into a sum of fractions: 

1

𝑥3 + 𝑥8
=
𝑎

𝑥
+
𝑏

𝑥2
+
𝑐

𝑥3
+

𝑑

𝑥 + 1
+

𝑓𝑥 + 𝑔

𝑥2 + 𝜙𝑥 + 1
+

ℎ𝑥 + 𝑘

𝑥2 −
1
𝜙 𝑥 + 1

; 

Now find 𝑎, 𝑏, 𝑐, 𝑑, 𝑓, 𝑔, ℎ, 𝑘 by the method of undetermined coefficients: 

1 = 𝑎𝑥2(𝑥5 + 1) + 𝑏𝑥(𝑥5 + 1) + 𝑐(𝑥5 + 1) + 𝑑𝑥3(𝑥4 − 𝑥3 + 𝑥2 − 𝑥 + 1) + 

+(𝑓𝑥 + 𝑔)𝑥3(𝑥 + 1) (𝑥2 −
1

𝜙
𝑥 + 1) + (ℎ𝑥 + 𝑘)𝑥3(𝑥 + 1)(𝑥2 + 𝜙𝑥 + 1) ⇒ 

⇒ 1 = (𝑎 + 𝑑 + 𝑓 + ℎ)𝑥7 + (𝑏 − 𝑑 + 𝑔 + 𝑓 −
𝑓

𝜙
+ ℎ + 𝑘 + 𝜙ℎ) 𝑥6 + 

+(𝑐 + 𝑑 + 𝑔 −
𝑔

𝜙
−
𝑓

𝜙
+ 𝑓 + 𝑘 + 𝜙𝑘 + 𝜙ℎ + ℎ) 𝑥5 + 

+(−𝑑 + 𝑓 + 𝑔 −
𝑔

𝜙
+ ℎ + 𝑘 + 𝜙𝑘) 𝑥4 + (𝑑 + 𝑔 + 𝑘)𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 ⇒ 



 

 

⇒

{
 
 
 
 

 
 
 
 

𝑎 = 𝑏 = 0, 𝑐 = 1

𝑎 + 𝑑 + 𝑓 + ℎ = 0
𝑑 + 𝑔 + 𝑘 = 0

−𝑑 + 𝑓 + 𝑔 −
𝑔
𝜙 + ℎ + 𝑘 + 𝜙𝑘 = 0

𝑐 + 𝑑 + 𝑔 −
𝑔
𝜙 −

𝑓
𝜙 + 𝑓 + 𝑘 + 𝜙𝑘 + 𝜙ℎ + ℎ = 0

𝑏 − 𝑑 + 𝑔 + 𝑓 −
𝑓
𝜙 + ℎ + 𝑘 + 𝜙ℎ = 0

⇒ 

⇒

{
 
 
 
 

 
 
 
 

𝑎 = 𝑏 = 0, 𝑐 = 1

𝑑 + 𝑓 + ℎ = 0
𝑑 + 𝑔 + 𝑘 = 0

−3𝑑 −
𝑔
𝜙 + 𝜙𝑘 = 0

1 − 𝑑 −
𝑔
𝜙 −

𝑓
𝜙 + 𝜙𝑘 + 𝜙ℎ = 0

−3𝑑 −
𝑓
𝜙 + 𝜙ℎ = 0

⇒

{
 
 
 
 

 
 
 
 

𝑎 = 𝑏 = 0, 𝑐 = 1

𝑑 + 𝑓 + ℎ = 0
𝑔 + 𝑘 = 𝑓 + ℎ

−
𝑔
𝜙 + 𝜙𝑘 = 3𝑑

1 − 𝑑 −
𝑔
𝜙 −

𝑓
𝜙 + 𝜙𝑘 + 𝜙ℎ = 0

𝜙(ℎ − 𝑘) =
𝑓 − 𝑔
𝜙

⇒ 

⇒

{
 
 
 
 

 
 
 
 

𝑎 = 𝑏 = 0, 𝑐 = 1

𝑑 + 𝑓 + ℎ = 0
𝑔 + 𝑘 = 𝑓 + ℎ

−
𝑔
𝜙 + 𝜙𝑘 = 3𝑑

1 − 𝑑 −
𝑔
𝜙 −

𝑓
𝜙 + 𝜙𝑘 + 𝜙ℎ = 0

(𝑓 − 𝑔) (𝜙 +
1
𝜙) = 0

⇒

{
 
 
 

 
 
 

𝑎 = 𝑏 = 0, 𝑐 = 1

𝑑 + 𝑓 + ℎ = 0
𝑔 + 𝑘 = 𝑓 + ℎ

−
𝑔
𝜙 + 𝜙𝑘 = 3𝑑

1 − 𝑑 −
𝑔
𝜙 −

𝑓
𝜙 + 𝜙𝑘 + 𝜙ℎ = 0

𝑓 = 𝑔

⇒ 

⇒

{
 
 
 

 
 
 

𝑎 = 𝑏 = 0, 𝑐 = 1

𝑑 + 𝑓 + ℎ = 0
ℎ = 𝑘

−
𝑓
𝜙 + 𝜙ℎ = 3𝑑

1 − 𝑑 −
2𝑓
𝜙 + 2𝜙ℎ = 0

𝑓 = 𝑔

⇒

{
 
 
 

 
 
 
𝑎 = 𝑏 = 0, 𝑐 = 1

𝑑 + 𝑓 + ℎ = 0
ℎ = 𝑘

𝜙ℎ − 3𝑑 =
𝑓
𝜙

1 + 5𝑑 = 0

𝑓 = 𝑔

⇒

{
 
 
 
 

 
 
 
 
𝑎 = 𝑏 = 0, 𝑐 = 1

𝑓 + ℎ =
1
5

ℎ = 𝑘

𝜙ℎ +
3
5
=
𝑓
𝜙

𝑑 = −
1
5

𝑓 = 𝑔

⇒ 



 

 

⇒

{
 
 
 
 

 
 
 
 
𝑎 = 𝑏 = 0, 𝑐 = 1

ℎ =
1
5
− 𝑓

ℎ = 𝑘

𝜙 (
1
5
− 𝑓) +

3
5
=
𝑓
𝜙

𝑑 = −
1
5

𝑓 = 𝑔

⇒

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
𝑎 = 𝑏 = 0, 𝑐 = 1

ℎ =

1
𝜙
− 3

5 (𝜙 +
1
𝜙)

𝑘 =

1
𝜙 − 3

5 (𝜙 +
1
𝜙)

𝑓 =
𝜙 + 3

5 (𝜙 +
1
𝜙)

𝑑 = −
1
5

𝑔 =
𝜙 + 3

5 (𝜙 +
1
𝜙
)

⇒ 

⇒

{
  
 

  
 
𝑎 = 𝑏 = 0, 𝑐 = 1

𝑑 = −
1
5

𝑓 = 𝑔 =
1
5𝜙

ℎ = 𝑘 = −
𝜙
5

 

So: 

∫
𝑑𝑥

𝑥3 + 𝑥8
= ∫(

1

𝑥3
−

1

5(𝑥 + 1)
+
1

5𝜙
⋅

𝑥 + 1

𝑥2 + 𝜙𝑥 + 1
−
𝜙

5
⋅

𝑥 + 1

𝑥2 −
1
𝜙 𝑥 + 1

)𝑑𝑥 = 

= ∫
𝑑𝑥

𝑥3
−
1

5
∫

𝑑𝑥

𝑥 + 1
+
1

5𝜙
∫

𝑥 + 1

𝑥2 + 𝜙𝑥 + 1
𝑑𝑥 −

𝜙

5
∫

𝑥 + 1

𝑥2 −
1
𝜙 𝑥 + 1

𝑑𝑥 = 

= −
1

2𝑥2
−
1

5
ln|𝑥 + 1| +

1

5𝜙
∫

𝑥 + 1

𝑥2 + 𝜙𝑥 + 1
𝑑𝑥 −

𝜙

5
∫

𝑥 + 1

𝑥2 −
1
𝜙 𝑥 + 1

𝑑𝑥 ; 

Compute the rest of integrals: 

∫
𝑥 + 1

𝑥2 + 𝜙𝑥 + 1
𝑑𝑥 = ∫

𝑥 + 1

(𝑥 +
𝜙
2)

2

+ 1 −
𝜙2

4

𝑑𝑥 =

[
 
 
 

𝑦 =
𝑥 +

𝜙
2

√1 −
𝜙2

4  ]
 
 
 

= 

= ∫
√1 −

𝜙2

4  𝑦 + 1 −
𝜙
2

(1 −
𝜙2

4 )
(𝑦2 + 1)

⋅ √1 −
𝜙2

4
 𝑑𝑦 = ∫

𝑦 +
1 −

𝜙
2

√1 −
𝜙2

4
 

𝑦2 + 1
𝑑𝑦 = 



 

 

= ∫
𝑦

𝑦2 + 1
𝑑𝑦 +

1 −
𝜙
2

√1 −
𝜙2

4  

∫
𝑑𝑦

𝑦2 + 1
=
1

2
∫
𝑑(𝑦2)

𝑦2 + 1
+

1 −
𝜙
2

√1 −
𝜙2

4  

arctan 𝑦 = 

=
1

2
ln(𝑦2 + 1) +

1 −
𝜙
2

√1 −
𝜙2

4  

arctan 𝑦 + 𝑐 = 

=
1

2
ln

(

 

(

 
𝑥 +

𝜙
2

√1 −
𝜙2

4  )

 

2

+ 1

)

 +
1 −

𝜙
2

√1 −
𝜙2

4  

arctan
𝑥 +

𝜙
2

√1 −
𝜙2

4  

+ 𝑐 = 

=
1

2
ln(

𝑥2 + 𝜙𝑥 + 1

1 −
𝜙2

4

) +
1 −

𝜙
2

√1 −
𝜙2

4  

arctan
𝑥 +

𝜙
2

√1 −
𝜙2

4  

+ 𝑐; 

c is an arbitrary real constant. 

∫
𝑥 + 1

𝑥2 −
1
𝜙 𝑥 + 1

𝑑𝑥 = ∫
𝑥 + 1

(𝑥 −
1
2𝜙)

2

+ 1 −
1
4𝜙2

𝑑𝑥 =

[
 
 
 

𝑦 =
𝑥 −

1
2𝜙

√1 −
1
4𝜙2]

 
 
 

= 

= ∫

√1 −
1
4𝜙2

𝑦 + 1 +
1
2𝜙

(1 −
1
4𝜙2

) (𝑦2 + 1)
⋅ √1 −

1

4𝜙2
𝑑𝑦 = 

= ∫

𝑦 +
1 +

1
2𝜙

√1 −
1
4𝜙2

𝑦2 + 1
𝑑𝑦 = ∫

𝑦

𝑦2 + 1
𝑑𝑦 +

1 +
1
2𝜙

√1 −
1
4𝜙2

∫
𝑑𝑦

𝑦2 + 1
= 

=
1

2
ln(𝑦2 + 1) +

1 +
1
2𝜙

√1 −
1
4𝜙2

arctan 𝑦 + 𝑐 = 

=
1

2
ln

(

 

(

 
𝑥 −

1
2𝜙

√1 −
1
4𝜙2)

 

2

+ 1

)

 +
1 +

1
2𝜙

√1 −
1
4𝜙2

arctan
𝑥 −

1
2𝜙

√1 −
1
4𝜙2

+ 𝑐 = 



 

 

=
1

2
ln(

𝑥2 −
𝑥
𝜙 + 1

1 −
1
4𝜙2

)+
1 +

1
2𝜙

√1 −
1
4𝜙2

arctan
𝑥 −

1
2𝜙

√1 −
1
4𝜙2

+ 𝑐; 

c  is an arbitrary real constant. 

We conclude that 

∫
𝑑𝑥

𝑥3 + 𝑥8
= −

1

2𝑥2
−
1

5
ln|𝑥 + 1| + 

+
1

5𝜙

(

 
1

2
ln(

𝑥2 + 𝜙𝑥 + 1

1 −
𝜙2

4

) +
1 −

𝜙
2

√1 −
𝜙2

4
 

arctan
𝑥 +

𝜙
2

√1 −
𝜙2

4
 

+ 𝑐

)

 − 

−
𝜙

5

(

 
1

2
ln(

𝑥2 −
𝑥
𝜙 + 1

1 −
1
4𝜙2

)+
1 +

1
2𝜙

√1 −
1
4𝜙2

arctan
𝑥 −

1
2𝜙

√1 −
1
4𝜙2

+ 𝑐

)

 = 

= −
1

2𝑥2
−
1

5
ln|𝑥 + 1| +

1

5𝜙

(

 
1

2
ln(

𝑥2 + 𝜙𝑥 + 1

1 −
𝜙2

4

) + √
1 −

𝜙
2

1 +
𝜙
2

arctan
𝑥 +

𝜙
2

√1 −
𝜙2

4  )

 – 

−
𝜙

5

(

 
 1

2
ln(

𝑥2 −
𝑥
𝜙 + 1

1 −
1
4𝜙2

) +√
1 +

1
2𝜙

1 −
1
2𝜙

arctan
𝑥 −

1
2𝜙

√1 −
1
4𝜙2

)

 
 
+ 𝑐 = 

= −
1

2𝑥2
−
1

5
ln|𝑥 + 1| +

1

5𝜙

(

 
1

2
ln(𝑥2 +𝜙𝑥 + 1) + √

1 −
𝜙
2

1 +
𝜙
2

arctan
𝑥 +

𝜙
2

√1 −
𝜙2

4  )

 – 

−
𝜙

5
(
1

2
ln (𝑥2 −

𝑥

𝜙
+ 1) +√

1+
1

2𝜙

1−
1

2𝜙

arctan
𝑥−

1

2𝜙

√1−
1

4𝜙2

)+ 𝑐, 

c  is an arbitrary real constant. 
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