Answer on Question# #46817 — Mathematics — Calculus

Question:
Test the convergence of the series
Yo (VnZ+1-n)x?",x > 0. (1)
Solution:
Let’s rewrite (1) in the following form
Z?zo=1(\/nz—+1 - n)x2n = Y=t Un(X), (2)

To determine the interval of convergence for the series (2) we take absolute values and apply the Ratio
Test:

(W— (n + 1))x2("+1) (m —(n+ 1))

Up41(X) . _ x*"x?
———| = lim = lim —
n—-oo un(x) n—-oo (‘/le + _ n)xZn n—-oo (W _ n) X
1_2m+2) "
2 /m+1)?+1 2 1 1)3/2
= |x?] lim ( o ) = |x?] lim ((n+ 1)1 + 1
n—oo _ n—co
n?+1 (n? + 1)3/2
e tim D e (i 37
S iy vz IS iy 2 1
3/2 3/2
/ n? (1 + iz) 1+ iz)
n—-oo n—-oo
2 — — — -
(143 + %) ((1+3)"+)

= |x?|.

Note that for calculating the limit we have used the properties of limits. Hence, the series converges for
|x] < 1 (or-1<x<1) and diverges for |x| > 1 (or x<-1 and x>1).

Now let’s test the convergence of the series at the endpoints of the interval separately.
At x=-1 the series is
Sra(Vn2+1-n)(-D" =5, (V2 +1-n) = (V2- 1)+ (V5-2) + . (3)

It easy to see, that the series (1) diverges at x=-1. It is clearly that for all natural number n we always
receive: (—1)%" = 1.

At x=1 the series is

Yo (Vi2+1-n)(D) =3p,(Vn2+1-n)=(V2-1)+(V5-2) + . (4)



The series (1) also diverges at x=1. Perhaps, is not quite obvious that the series diverges. So, let’s use the
limit comparison test.

First we rewrite the original series (4) in the following convenient form:
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Then we compare it with the divergent harmonic series Z;’l‘;l%
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As we see, according to the limit comparison test, the original series (4) is also divergent.

Therefore, the series diverges for x < —1 and for x > 1. It converges for-1 <x<1

Answer: The series Z (\/n2 +1-— n)xZ", x > 0 converges for -1 < x < 1 and diverges for x < —1
n=1

and forx > 1.
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