
 

 

Answer on Question #45574 – Math – Algebra  

Question. Prove it by the principal of Mathematical Induction:  

𝑠𝑖𝑛𝑥 + 𝑠𝑖𝑛3𝑥 +⋯+ 𝑠𝑖𝑛(2𝑛 + 1)𝑥 =
𝑠𝑖𝑛2(𝑛+1)𝑥

𝑠𝑖𝑛𝑥
.  

Proof. 

Basis of induction. Let 𝑛 = 1.  

Then we have in the LHS 

 𝑠𝑖𝑛𝑥 + 𝑠𝑖𝑛3𝑥 = 2𝑠𝑖𝑛2𝑥 ∙ 𝑐𝑜𝑠𝑥 = 4𝑠𝑖𝑛𝑥 ∙ 𝑐𝑜𝑠2𝑥.  

In the RHS we have 

 
𝑠𝑖𝑛22𝑥

𝑠𝑖𝑛𝑥
=

4𝑠𝑖𝑛2𝑥∙𝑐𝑜𝑠2𝑥

𝑠𝑖𝑛𝑥
= 4𝑠𝑖𝑛𝑥 ∙ 𝑐𝑜𝑠2𝑥.  

We have the true identity. The basis of induction is proved. 

Step of induction. Assume that the formula 

 𝑠𝑖𝑛𝑥 + 𝑠𝑖𝑛3𝑥 +⋯+ 𝑠𝑖𝑛(2𝑛 + 1)𝑥 =
𝑠𝑖𝑛2(𝑛+1)𝑥

𝑠𝑖𝑛𝑥
  

holds for some 𝑛 = 𝑘. We prove that the same formula holds for 𝑛 = 𝑘 + 1.  

[𝑠𝑖𝑛𝑥 + 𝑠𝑖𝑛3𝑥 +⋯+ 𝑠𝑖𝑛(2𝑘 + 1)] + 𝑠𝑖𝑛(2𝑘 + 3)𝑥 =
𝑠𝑖𝑛2(𝑘+1)𝑥

𝑠𝑖𝑛𝑥
+ 𝑠𝑖𝑛(2𝑘 + 3)𝑥 =   

=
𝑠𝑖𝑛2(𝑘+1)𝑥+𝑠𝑖𝑛(2𝑘+3)𝑥∙𝑠𝑖𝑛𝑥

𝑠𝑖𝑛𝑥
=

1

𝑠𝑖𝑛𝑥
[
1−𝑐𝑜𝑠(2𝑘+2)𝑥

2
+

1

2
(𝑐𝑜𝑠(2𝑘 + 2)𝑥 − 𝑐𝑜𝑠(2𝑘 + 4)𝑥)] =  

=
1

𝑠𝑖𝑛𝑥
∙
1

2
(1 − 𝑐𝑜𝑠(2𝑘 + 2)𝑥 + 𝑐𝑜𝑠(2𝑘 + 2)𝑥 − 𝑐𝑜𝑠(2𝑘 + 4)𝑥) =

1

𝑠𝑖𝑛𝑥
∙
1−𝑐𝑜𝑠(2𝑘+4)𝑥

2
=  

=
𝑠𝑖𝑛2(𝑘+2)𝑥

𝑠𝑖𝑛𝑥
.  

Finally we have 𝑠𝑖𝑛𝑥 + 𝑠𝑖𝑛3𝑥 +⋯+ 𝑠𝑖𝑛(2𝑘 + 1)𝑥 + 𝑠𝑖𝑛(2𝑘 + 3)𝑥 =
𝑠𝑖𝑛2(𝑘+2)𝑥

𝑠𝑖𝑛𝑥
. The step of 

induction is proved and the formula 𝑠𝑖𝑛𝑥 + 𝑠𝑖𝑛3𝑥 +⋯+ 𝑠𝑖𝑛(2𝑛 + 1)𝑥 =
𝑠𝑖𝑛2(𝑛+1)𝑥

𝑠𝑖𝑛𝑥
 is proved. 
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