
 

 

Answer on Question #44927 – Math – Linear Algebra 

Question. Let 𝑉 = {(𝑎, 𝑏, 𝑐, 𝑑) ∈ ℝ4: 𝑎 + 𝑏 + 2𝑐 + 2𝑑 = 0} and 𝑊 = {(𝑎, 𝑏, 𝑐, 𝑑) ∈ ℝ4: 𝑎 =

−𝑏, 𝑐 = −𝑑}. Check that 𝑉 and 𝑊 are the vector spaces. Further, check that 𝑊 is a subspace of 

𝑉. 

Solution. We shall prove that 𝑉 and 𝑊 are the subspaces of ℝ4. We shall use the next criterion 

of subspace: the subset 𝑊 of linear space 𝑉 is a subspace of 𝑉 ⇔ {
(�̅� + �̅�) ∈ 𝑊 ∀�̅�, �̅� ∈ 𝑊 

𝜆�̅� ∈ 𝑊 ∀𝜆 ∈ ℝ, ∀�̅� ∈ 𝑊
.  

Let �̅� = (𝑎1, 𝑏1, 𝑐1, 𝑑1) ∈ 𝑉, �̅� = (𝑎2, 𝑏2, 𝑐2, 𝑑2) ∈ 𝑉. Then �̅� + �̅� = (𝑎1 + 𝑎2, 𝑏1 + 𝑏2, 𝑐1 +

+𝑐2, 𝑑1 + 𝑑2). 

𝑎1 + 𝑎2 + 𝑏1 + 𝑏2 + 2(𝑐1 + 𝑐2) + 2(𝑑1 + 𝑑2) = (𝑎1 + 𝑏1 + 2𝑐1 + 2𝑑1) + (𝑎2 + 𝑏2 + 2𝑐2 +

+2𝑑2) = 0 + 0 = 0 ⇒ (�̅� + �̅�) ∈ 𝑉. 

𝜆�̅� = (𝜆𝑎1, 𝜆𝑏1, 𝜆𝑐1, 𝜆𝑑1). Then 𝜆𝑎1 + 𝜆𝑏1 + 2𝜆𝑐1 + 2𝜆𝑑1 = 𝜆(𝑎1 + 𝑏1 + 2𝑐1 + 2𝑑1) = 𝜆 ∙ 0 =

= 0 ⇒ 𝜆�̅� ∈ 𝑉. So 𝑉 is a subspace of ℝ4 ⇒ 𝑉 is a vector space. 

Let �̅� = (𝑎1, −𝑎1, 𝑏1, −𝑏1) ∈ 𝑊, �̅� = (𝑎2, −𝑎2, 𝑏2, −𝑏2) ∈ 𝑊. Then �̅� + �̅� = (𝑎1 + 𝑎2, −𝑎1 −

−𝑎2, 𝑏1 + 𝑏2, −𝑏1 − 𝑏2). Obviously (�̅� + �̅�) ∈ 𝑊. 

𝜆�̅� = (𝜆𝑎1, −𝜆𝑎1, 𝜆𝑏1, −𝜆𝑏1). Obviously 𝜆�̅� ∈ 𝑊. So 𝑊 is a subspace of ℝ4 ⇒ 𝑊 is a vector 

space. 

Let �̅� = (𝑎, −𝑎, 𝑐, −𝑐) ∈ 𝑊. Since 𝑎 + (−𝑎) + 2𝑐 + (−2𝑐) = 0 ⇒ �̅� ∈ 𝑉 ⇒ 𝑊 is a subspace of 

𝑉.  

Answer. 𝑉 and 𝑊 are the vector spaces, 𝑊 is a subspace of 𝑉. 
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