
 

 

Answer on Question #44643 – Math – Linear Algebra: 

Let 𝑇: 𝑅2 → 𝑅2 and 𝑆: 𝑅2 → 𝑅2 be linear operators defined by: 

𝑇(𝑥1, 𝑥2) =  (𝑥1 + 𝑥2, 𝑥1 − 𝑥2); 

𝑆(𝑥1, 𝑥2) = (𝑥1, 𝑥1 + 2𝑥2); 

(a) Find T◦S and S◦T. 

(b) Let 𝐵 = {(1,0)𝑇 , (0,1)𝑇} be the standard basis of 𝑅3. Verify that  

[𝑇 ∘ 𝑆]𝐵 = [𝑇]𝐵 ∘ [𝑆]𝐵. 

Solution. 

(a)  

(𝑇 ∘ 𝑆)(𝑥1, 𝑥2) = 𝑇(𝑆(𝑥1, 𝑥2)) = 

= 𝑇(𝑥1, 𝑥1 + 2𝑥2) = (𝑥1 + (𝑥1 + 2𝑥2), 𝑥1 − (𝑥1 + 2𝑥2)) = (2𝑥1 + 2𝑥2, −2𝑥2); 

(𝑆 ∘ 𝑇)(𝑥1, 𝑥2) = 𝑆(𝑇(𝑥1, 𝑥2)) = 

= 𝑆(𝑥1 + 𝑥2, 𝑥1 − 𝑥2) = (𝑥1 + 𝑥2, 𝑥1 + 𝑥2 + 2(𝑥1 − 𝑥2)) = (𝑥1 + 𝑥2, 3𝑥1 − 𝑥2); 

(b)  

Denote 𝑒1 = (0,1)𝑇 , 𝑒2 = (1,0)𝑇. 

𝑇𝑒1 = (1 + 0,1 − 0) = (1,1); 

𝑇𝑒2 = (0 + 1,0 − 1) = (1, −1); 

𝑆𝑒1 = (1,1 + 2 ⋅ 0) = (1,1); 

𝑆𝑒2 = (0,0 + 2 ⋅ 1) = (0,2); 

(𝑇 ∘ 𝑆)𝑒1 = (2 ⋅ 1 + 2 ⋅ 0, −2 ⋅ 0) = (2,0); 

(𝑇 ∘ 𝑆)𝑒2 = (2 ⋅ 0 + 2 ⋅ 1, −2 ⋅ 1) = (2, −2); 

Hence: 

(𝑇 ∘ 𝑆)(𝑥1, 𝑥2) = (
2 2
0 −2

) (
𝑥1

𝑥2
) ; 

𝑇(𝑥1, 𝑥2) = (
1 1
1 −1

) (
𝑥1

𝑥2
) ; 

𝑆(𝑥1, 𝑥2) = (
1 0
1 2

) (
𝑥1

𝑥2
) ; 

[𝑇]𝐵 ∘ [𝑆]𝐵 = (
1 1
1 −1

) (
1 0
1 2

) = (
1 ⋅ 1 + 1 ⋅ 1 1 ⋅ 0 + 1 ⋅ 2

1 ⋅ 1 + (−1) ⋅ 1 1 ⋅ 0 + (−1) ⋅ 2
) = 

= (
2 2
0 −2

) = [𝑇 ∘ 𝑆]𝐵. 
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