Answer on Question #44086 — Math - Complex Analysis

Problem.
If [(1+x+x72)] ~An=a_0+a_2 x 2+ - +a_2n x"2n then prove that a_0+a_3+a_6+ -——- = 37(n-1).
Remark.
| suppose that part of question is missed. The correct statement is
“UA+x+x)"=ay+ ax + ax? + -+ + az,x?", then prove that ay + az + ag + --- = 3" 17,
as polynomial (1 + x + x2)™ has a monomial 2x.
Solution:
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The numbers § = e3 and 2 = es are the primitive third roots of unity. Therefore they are the
roots of the polynomial 1 + x + x%? (asx®> — 1= (x — D)(x?+ x + 1))and €3 = 1.
If we put x — £ into the equation
(1+x+x)"=ay+ a;x + ax? + - + ay,x*",
we will obtain
(1+&+8D™ =ap + ar1§ +azd? + - + ag§™"
or
0=ay+a,&+a,é?+as+a&+aé?+-, (1)
as1+ &+ &2 =0and &3 =1 forall integer k.
If we put x = &2 into the equation
(1+x+x)"=ay+ a;x + ayx? + - + ay,x*",
we will obtain
(L+E2+ 8" =ag+ 18 + azé* + - + agn ™"
or
0=ag+a; &%+ aé +as+a&?+aé + -, (2)
as1+ &2+ &*=1+8&2+&=0and &3 =1 forallinteger k.
If we put x — 1 into the equation
(1+x+x)"=ay+ a;x + ayx? + - + ay,x*",
we will obtain
1+1+D"=ap+a;+a, +-+ay,
or
3"=ay+a,t+a,+ -+a,, (3)
If we add (1), (2) and (3) equations we will obtain
3"=3ap+(1+&+&)a;+(1+&+&Da, +3a;+ (1 +E+EDa, + (1 +E+EHag + -
or
3" =3a,+3as + -,
asl+&+&%2=0.
Hence
3"l =ay+az+ -
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