
 

 

Answer on Question #42453  -  Math  - Statistics and Probability 

Consider a random variable X such that P(x=1)=1/4 and P(x=0)=3/4. E(x)=1/4 and standard deviation is 

sqrt(3)/4. If X1, X2,..., Xn is a random sample of the population X, then lim n -> infinity of 

P(X1+X2+...+Xn/n > C) = 0 for every C>1/4. 

Proof 

Let  𝑋̅𝑛 =
𝑋1+𝑋2+⋯+𝑋𝑛

𝑛
 .  

Compute  𝐸(𝑋̅𝑛) = 
𝐸(𝑋1)+𝐸(𝑋2)+⋯+𝐸(𝑋𝑛)

𝑛
=

𝑛𝐸(𝑋1)

𝑛
= 𝐸(𝑋1) =

1

4
,  

𝑉𝑎𝑟(𝑋̅𝑛) = 𝑉𝑎𝑟 (
𝑋1+𝑋2+⋯+𝑋𝑛

𝑛
) =

1

𝑛2 𝑉𝑎𝑟(𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛) =
𝑛𝜎2

𝑛2 =
𝜎2

𝑛
 =

3

16𝑛
, 

Using Chebyshev`s inequality on 𝑋̅𝑛 results in 𝑃{|𝑋̅𝑛 − 𝐸(𝑋̅𝑛)| ≥ 𝜀} ≤
𝜎2

𝑛𝜀2.   

𝑃{|𝑋̅𝑛 − 𝐸(𝑋̅𝑛)| ≥ 𝜀} = 𝑃{(𝑋̅𝑛 ≥ 𝜀 + 𝐸(𝑋̅𝑛))⋃(𝑋̅𝑛 ≤ 𝐸(𝑋̅𝑛) − 𝜀)} ≤
𝜎2

𝑛𝜀2. 

 0 ≤ |non − negativity of probability| ≤ 𝑃{𝑋̅𝑛 ≥ 𝜀 + 𝐸(𝑋̅𝑛)} ≤ |𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑖𝑐𝑖𝑡𝑦 𝑜𝑓 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦| ≤ 

≤ 𝑃{(𝑋̅𝑛 ≥ 𝜀 + 𝐸(𝑋̅𝑛))⋃(𝑋̅𝑛 ≤ 𝐸(𝑋̅𝑛) − 𝜀)} ≤ |Chebyshev`s inequality on 𝑋̅𝑛| ≤
𝜎2

𝑛𝜀2
 

We obtain  𝑃{𝑋̅𝑛 > 𝐶} ≤
𝜎2

𝑛𝜀2,  for every 𝐶 > 𝐸(𝑋̅𝑛) =
1

4
.  

 Pass to the limit and consider  0 ≤ lim
𝑛→∞

𝑃 (
𝑋1+𝑋2+⋯+𝑋𝑛

𝑛
> 𝐶) ≤ lim

𝑛→∞

𝜎2

𝑛𝜀2 = 0, 𝜀, 𝐶, 𝜎2 are fixed. 

By squeeze theorem we conclude 

 lim
𝑛→∞

 𝑃 (
𝑋1+𝑋2+⋯+𝑋𝑛

𝑛
> 𝐶) = 0  for every 𝐶 > 

1

4
 . 

Q.E.D 
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