
Answer on Question #41715 – Math – Other 

Question. 

Solve the Volterra equation 𝜑(𝑡) + ∫ (𝑡 − 𝑥)𝜑(𝑥)𝑑𝑥 = 𝑡, for 0 ≤ 𝑡 ≤ 1 

Using the successive approximation. Note that the answer should be 𝜑(𝑡) = 𝑠𝑖𝑛(𝑡)  

 

Solution. 

Consider general solution method of Volterra integral equation: 

𝜑(𝑡) − 𝜆 ∫ 𝐾(𝑡, 𝑥)𝜑(𝑥)𝑑𝑥
𝑡

𝑎

= 𝑔(𝑡) 

𝑎 ≤ 𝑡 ≤ 𝑏 

We find a solution in the form of a series: 

𝜑(𝑡) = 𝜑0(𝑡) + 𝜑1(𝑡) ∙ 𝜆 + 𝜑2(𝑡) ∙ 𝜆2 + ⋯ 

𝜑0(𝑡) = 𝑔(𝑡);  𝜑𝑛(𝑡) = ∫ 𝐾(𝑡, 𝑥)𝜑𝑛−1(𝑥)𝑑𝑥
𝑡

𝑎

;  𝑛 = 1,2,3 … 

 

Now, let come back to our case: 

𝜑(𝑡) − ∫ (𝑥 − 𝑡)𝜑(𝑥)𝑑𝑥 = 𝑡 

0 ≤ 𝑡 ≤ 1 

So, 

𝑔(𝑡) = 𝑡; 𝐾(𝑡, 𝑥) = (𝑥 − 𝑡); 𝜆 = 1; 𝑎 = 0; 𝑏 = 1 

Therefore, 

𝜑0(𝑡) = 𝑔(𝑡) = 𝑡 

𝜑1(𝑡) = ∫ 𝐾(𝑡, 𝑥)𝜑0(𝑥)𝑑𝑥
𝑡

𝑎

= ∫ (𝑥 − 𝑡)𝑥𝑑𝑥
𝑡

0

= ∫ (𝑥2 − 𝑡𝑥)𝑑𝑥 =
𝑡3

3

𝑡

0

−
𝑡3

2
= −

𝑡3

6
= −

𝑡3

3!
 

𝜑2(𝑡) = ∫ 𝐾(𝑡, 𝑥)𝜑1(𝑥)𝑑𝑥
𝑡

𝑎

= ∫ −(𝑥 − 𝑡)
𝑥3

3!
𝑑𝑥 = ∫

𝑡𝑥3

3!
−

𝑥4

3!
𝑑𝑥 =

𝑡5

3!

𝑡

0

𝑡

0

(
1

4
−

1

5
) =

𝑡5

120
=

𝑡5

5!
 



𝜑3(𝑡) = ∫ 𝐾(𝑡, 𝑥)𝜑2(𝑥)𝑑𝑥
𝑡

𝑎

= ∫ (𝑥 − 𝑡)
𝑥5

5!
𝑥𝑑𝑥

𝑡

0

= ∫
𝑥6

5!
−

𝑡𝑥5

5!
𝑥𝑑𝑥

𝑡

0

=
𝑡7

5!
(

1

7
−

1

6
) =

= −
𝑡7

5! ∙ 6 ∙ 7
= −

𝑡7

7!
 

 

So,  

𝜑(𝑡) = 𝜑0(𝑡) + 𝜑1(𝑡) ∙ 𝜆 + 𝜑2(𝑡) ∙ 𝜆2 + 𝜑3(𝑡) ∙ 𝜆3 + ⋯ = 𝑡 −
𝑡3

3!
+

𝑡5

5!
−

𝑡7

7!
+ ⋯ = sin(𝑡) 

Maclaurin series for sin(𝑥): 

sin(𝑥) = 𝑥 −
𝑥3

3!
+

𝑥5

5!
− ⋯ = ∑

(−1)𝑛

(2𝑛 + 1)!

∞

𝑛=0

𝑥2𝑛+1 

So, 

𝜑(𝑡) = sin(𝑡) 

 

Answer. 

𝜑(𝑡) = sin(𝑡) 
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