
Answer on question 40471 – Math – Differential equation 

Solve the differential equation  

𝑝2 + 2𝑝𝑦 cot 𝑥 − 𝑦2 = 0, 

where 𝑝 = 𝑦′. 

Solution: 

We have 

(𝑦′)2 + 2𝑦′𝑦 cot 𝑥 − 𝑦2 = 0, 

(𝑦′)2 + 2𝑦′𝑦 cot 𝑥 − 𝑦2

𝑦2
= 0, 𝑦 ≠ 0, 

(
𝑦′

𝑦
)

2

+ 2
𝑦′

𝑦
cot 𝑥 − 1 = 0. 

Denote 

𝑧 =
𝑦′

𝑦
. 

Thus we have next equation 

𝑧2 + 2𝑧 cot 𝑥 − 1 = 0, 

𝐷 = (2 cot 𝑥)2 − 4 ∙ 1 ∙ (−1) = 4 cot2 𝑥 + 4 = 4(1 + cot2 𝑥) =
4

sin2 𝑥
> 0. 

So we get two cases 

1) 

𝑧 =
−2cot 𝑥 + √ 4

sin2 𝑥

2
= −

cos 𝑥

sin 𝑥
+

1

sin 𝑥
=
1 − cos 𝑥

sin 𝑥
, 

𝑦′

𝑦
=
1 − cos 𝑥

sin 𝑥
, 

𝑑𝑦

𝑦
=
1 − cos 𝑥

sin 𝑥
𝑑𝑥, 

∫
𝑑𝑦

𝑦
= ∫

1 − cos 𝑥

sin 𝑥
𝑑𝑥, 

ln 𝑦 = ∫
1 − cos 𝑥

sin 𝑥
𝑑𝑥. 
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We have 

∫
1 − cos 𝑥

sin 𝑥
𝑑𝑥 = −∫

1 − cos 𝑥

sin2 𝑥
𝑑(cos 𝑥) = −∫

1 − cos 𝑥

1 − cos2 𝑥
𝑑(cos 𝑥) = 

= −∫
1 − cos 𝑥

(1 − cos 𝑥)(1 + cos 𝑥)
𝑑(cos 𝑥) = −∫

1

1 + cos 𝑥
𝑑(cos 𝑥) = 

= −∫
1

1 + cos 𝑥
𝑑(1 + cos 𝑥) = − ln(1 + cos 𝑥) + 𝐶. 

So we get 

ln 𝑦 = − ln(1 + cos 𝑥) + 𝐶, 

ln 𝑦 = ln
1

1 + cos 𝑥
+ 𝐶, 

𝑦(𝑥) =
𝑐

1 + cos 𝑥
, 

where 𝑐 = 𝑒𝐶 . 

2) 

𝑧 =
−2 cot 𝑥 − √ 4

sin2 𝑥

2
= −

cos 𝑥

sin 𝑥
−

1

sin 𝑥
= −

1 + cos 𝑥

sin 𝑥
, 

𝑦′

𝑦
= −

1 + cos 𝑥

sin 𝑥
, 

𝑑𝑦

𝑦
= −

1 + cos 𝑥

sin 𝑥
𝑑𝑥, 

∫
𝑑𝑦

𝑦
= −∫

1 + cos 𝑥

sin 𝑥
𝑑𝑥, 

ln 𝑦 = −∫
1 + cos 𝑥

sin 𝑥
𝑑𝑥. 

We have 

−∫
1 + cos 𝑥

sin 𝑥
𝑑𝑥 = ∫

1 + cos 𝑥

sin2 𝑥
𝑑(cos 𝑥) = ∫

1 + cos 𝑥

1 − cos2 𝑥
𝑑(cos 𝑥) = 

= ∫
1 + cos 𝑥

(1 − cos 𝑥)(1 + cos 𝑥)
𝑑(cos 𝑥) = −∫

1

1 − cos 𝑥
𝑑(1 − cos 𝑥) = 

= −∫
1

1 − cos 𝑥
𝑑(1 − cos 𝑥) = − ln(1 − cos 𝑥) + 𝐶. 

So we get 
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ln 𝑦 = − ln(1 − cos 𝑥) + 𝐶, 

ln 𝑦 = ln
1

1 − cos 𝑥
+ 𝐶, 

𝑦(𝑥) =
𝑐

1 − cos 𝑥
, 

where 𝑐 = 𝑒𝐶 . 

Answer: 

𝑦(𝑥) =
𝑐

1 + cos 𝑥
 

or 

𝑦(𝑥) =
𝑐

1 − cos 𝑥
. 
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