
Answer on Question#40159 - Math – Linear Algebra: 

Let (𝑉, <, >) be an inner product space over ℂ and 𝑇 belongs to (𝑉) . Prove that if  

∀ 𝑥, 𝑦 ∈ 𝑉: < 𝑇𝑥 , 𝑇𝑦 >=< 𝑥, 𝑦 > , then T is unitary. 

Solution. 

We need to prove that 𝑇∗𝑇 = 𝐼, where 𝑇∗ is an adjoin operator, and 𝐼 is an identity operator. 

∀𝑥, 𝑦 ∈ 𝑉: (𝑥, 𝑦) = (𝑇𝑥, 𝑇𝑦) = (𝑥, 𝑇∗𝑇𝑦) ⇒ ∀𝑥, 𝑦 ∈ 𝑉: (𝑥, 𝑇∗𝑇𝑦 − 𝑦) = 0 ⇒ 

⇒ ∀𝑦 ∈ 𝑉: 𝑇∗𝑇𝑦 − 𝑦 = 0 ⇒ ∀𝑦 ∈ 𝑉: 𝑇∗𝑇𝑦 = 𝑦 ⇒ 𝑇∗𝑇 = 𝐼. 
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