
Answer on Question#40119 – Math – Linear Algebra: 

Let 𝑉 = ℝ5. Find two subspaces 𝑈, 𝑊 such that 𝑈⨁𝑊 = ℝ5. 

Solution. 

Let 𝑈 = {(𝑎, 0,0,0,0) | 𝑎 ∈ ℝ}, 𝑊 = {(0, 𝑏, 𝑐, 𝑑, 𝑒) | 𝑏, 𝑐, 𝑑, 𝑒 ∈ ℝ}. Hence: 

𝑢1 = (𝑥, 0,0,0,0), 𝑢2 = (𝑦, 0,0,0,0) ∈ 𝑈, 𝛼 ∈ ℝ ⇒ 𝑢1 + 𝛼𝑢2 = (𝑥 + 𝛼𝑦, 0,0,0,0) ∈ 𝑈 ⇒ 

⇒ 𝑈 is a subspace; 

𝑤1 = (0, 𝑥, 𝑦, 𝑧, 𝑡), 𝑤2 = (0, 𝑎, 𝑏, 𝑐, 𝑑) ∈ 𝑊, 𝛼 ∈ ℝ ⇒ 

⇒ 𝑤1 + 𝛼𝑤2 = (0, 𝑥 + 𝛼𝑎, 𝑦 + 𝛼𝑏, 𝑧 + 𝛼𝑐, 𝑡 + 𝛼𝑑) ∈ 𝑊 ⇒ 𝑊 is a subspace; 

∀ 𝑣 = (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5) ∈ 𝑉: 𝑣 = 𝑢 + 𝑤,   

where 𝑢 ∈ 𝑈, 𝑤 ∈ 𝑊, 𝑢 = (𝑥1, 0,0,0,0), 𝑤 = (0, 𝑥2, 𝑥3, 𝑥4, 𝑥5); 

𝑢1, 𝑢2 ∈ 𝑈, 𝑤1, 𝑤2 ∈ 𝑊, 𝑢1 + 𝑤1 = 𝑢2 + 𝑤2 ⇒ 𝑢1 − 𝑢2 = 𝑤2 − 𝑤1 ⇒ 

⇒ (𝑎1, 0,0,0,0) − (𝑎2, 0,0,0,0) = (0, 𝑏2, 𝑐2, 𝑑2, 𝑒2) − (0, 𝑏1, 𝑐1, 𝑑1, 𝑒1) ⇒ 

⇒ (𝑎1 − 𝑎2, 0,0,0,0) = (0, 𝑏2 − 𝑏1, 𝑐2 − 𝑐1, 𝑑2 − 𝑑1, 𝑒2 − 𝑒1) ⇒ 𝑎1 − 𝑎2 = 0 ⇒ 𝑢1 = 𝑢2 ⇒ 

⇒ 𝑤1 = 𝑤2; 

Hence:  

∀ 𝑣 ∈ 𝑉 ∃!  𝑢 ∈ 𝑈, 𝑤 ∈ 𝑊: 𝑣 = 𝑢 + 𝑤 ⟹  𝑉 = 𝑈⨁𝑊. 
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