
Answer on question 40091 – Math – Real Analysis 

For which real numbers x does the series 

∑
√𝑛 + 1 − √𝑛

𝑛𝑥

∞

𝑛=1

 

converges? 

Solution: 

Consider the following series 

∑
1

𝑛𝛼

∞

𝑛=1

. 

This series converges if 𝛼 > 1. The series 

∑
√𝑛 + 1 − √𝑛

𝑛𝑥

∞

𝑛=1

 

converges if 

lim
𝑛→∞

√𝑛 + 1 − √𝑛

𝑛𝑥
:

1

𝑛𝛼
< ∞,    𝛼 > 1. 

Thus we have 

lim
𝑛→∞

√𝑛 + 1 − √𝑛

𝑛𝑥
:

1

𝑛𝛼
= lim

𝑛→∞

(√𝑛 + 1 − √𝑛)(√𝑛 + 1 + √𝑛)

√𝑛 + 1 + √𝑛
∙ 𝑛𝛼−𝑥 = 

= lim
𝑛→∞

𝑛 + 1 − 𝑛

√𝑛 (√𝑛 + 1
𝑛 + 1)

∙ 𝑛𝛼−𝑥 = lim
𝑛→∞

1

𝑛0.5 (√1 +
1
𝑛 + 1)

∙ 𝑛𝛼−𝑥 = 

=
1

√1 + 0 + 1
lim

𝑛→∞
𝑛𝛼−𝑥−0.5 =

1

2
lim

𝑛→∞
𝑛𝛼−𝑥−0.5. 

We know that lim
𝑛→∞

𝑛𝛼−𝑥−0.5 < ∞ if (𝛼 − 𝑥 − 0.5) ≤ 0. Thus we have next system of conditions 

{
𝛼 − 𝑥 − 0.5 ≤ 0,

𝛼 > 1,
⟹ {

𝛼 − 0.5 ≤ 𝑥,
𝛼 > 1,

⟹ 𝑥 ≥ 𝛼 − 0.5 > 1 − 0.5 = 0.5 

Thus we have that 

𝑥 > 0.5  

Answer: 

𝑥 > 0.5  
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