
Answer on Question #40031, Math, Differential Calculus 

 

A mass weighing 39.5 kg. stretches a spring 1/4m. At t=0 , the mass is released from a point 

3/4m below the equilibrium position with an upward velocity of (5/4)m/sec. Determine the 

function x(t) that describes the subsequent free motion. 

 

Solution. 

𝑚 = 39.5 𝑘𝑔 

𝐿 =
1

4
𝑚 

𝑥0 =
3

4
𝑚 

𝑣0 = 𝑥0
′ =

5

4

𝑚

𝑠
 

𝑔 = 9.8
𝑚

𝑠2
 

For a mass m suspended from a spring, the weight is jointly proportional to the distance 

stretched and a constant: 𝐹 =  𝑘𝑠 (Hooke's Law) or weight =  𝑘𝑥.  

  

If the motion of the mass is free and undamped (also called simple harmonic), it is described by:  

𝑑2𝑥

𝑑𝑡2
+ 𝜔2𝑥 = 0 

Circular frequency: 𝜔 = √
𝑘

𝑚
 

To find the equation of motion: 
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𝑑2𝑥

𝑑𝑡2
+ 𝜔2𝑥 = 0 

Let’s 𝑥 = 𝑒𝜆𝑡 

Then 

𝜆2𝑒𝜆𝑡 + 𝜔2𝑒𝜆𝑡 = 0 

𝜆2 + 𝜔2 = 0 

𝜆 = ±𝑖𝜔 

𝑥 = 𝐶1𝑒−𝑖𝜔𝑡 + 𝐶2𝑒𝑖𝜔𝑡 = 𝐴 sin 𝜔𝑡 + 𝐵 cos 𝜔𝑡 

 

𝑥(0) = 𝑥0 =
3

4
− 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡: 

𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑓 𝐵𝐸𝐿𝑂𝑊 𝑒𝑞𝑢𝑙𝑖𝑏𝑟𝑢𝑚 𝑝𝑜𝑖𝑛𝑡 

𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑓 𝐴𝐵𝑂𝑉𝐸 𝑒𝑞𝑢𝑙𝑖𝑏𝑟𝑢𝑚 𝑝𝑜𝑖𝑛𝑡 

𝑥′(0) = 𝑥0
′ =

5

4
− 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦: 

𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝐷𝑂𝑊𝑁𝑊𝐴𝑅𝐷 

𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑈𝑃𝑊𝐴𝑅𝐷 

= 0 𝑖𝑓 𝑓𝑟𝑜𝑚 𝑟𝑒𝑠𝑡 

So find 𝐴 𝑎𝑛𝑑 𝐵: 

𝑥(0) =  𝐴 sin 𝜔 ∙ 0 + 𝐵 cos 𝜔 ∙ 0 = 𝐵 =
3

4
 

𝑥′(𝑡) = 𝐴𝜔 cos 𝜔𝑡 − 𝐵𝜔 sin 𝜔𝑡 

𝑥′(0) = 𝐴𝜔 cos 𝜔 ∙ 0 − 𝐵𝜔 sin 𝜔 ∙ 0 =  𝐴𝜔 =
5

4
 

So 

𝐴 =
5

4𝜔
 

𝐵 =
3

4
 

Find 𝜔: 

𝜔 = √
𝑘

𝑚
 

From Hooke's Law: 

𝐹 = 𝑘𝐿 = 𝑚𝑔 
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where 𝐿 − 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑒𝑞𝑢𝑖𝑙𝑖𝑏𝑟𝑖𝑢𝑚 , 𝐿 =
1

4
 

𝑘 ∙
1

4
𝑚 = 39.5 𝑘𝑔 ∙ 9.8 

𝑚

𝑠2
 

𝑘 = 39.5 ∙ 9.8 ∙ 4 = 1548.4
𝑁

𝑚
−  𝑠𝑝𝑟𝑖𝑛𝑔 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 

𝜔 = √
𝑘

𝑚
= √

𝑔

𝐿
= 2√𝑔 ≈ 6.3

𝑟𝑎𝑑

𝑠
 

Therefore, 

𝑥 =
5

4𝜔
sin 𝜔𝑡 +

3

4
cos 𝜔𝑡 = 0.2 sin 6.3𝑡 + 0.75 cos 6.3𝑡 

Answer: 

𝑥(𝑡) = 0.2 sin 6.3𝑡 + 0.75 cos 6.3𝑡 
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