Answer on Question #39341 — Math — Abstract Algebra

Question. How many onto functions are there from an n-element set to an m-element
set?

Solution. Let N = {1,...,n}, and M = {1,...,m} and Q(n,m) be the number of
surjective functions N — M. For every finite set X denote by | X| the number of elements
in X.

If n < m, then there is no such function, that is

Q(n,m) =0, n < m.

Thus assume that n > m.

Notice that in general, the number of all functions N — M is m". Let T(n,m,k)
be the number of functions f : N — M whose image consists exactly of k elements, so
|f(N)| = k. Then

Q(n,m) =T(n,m,m).

Let X C M be a subset such that |X| = k and 0 < £ < m. Then the number of

function f: N — M such that f(N) = X is equal to
Q(n, k).
The number of k-element subsets of M is equal to the binomial coefficient

m)!

G = El(m — k)l

Therefore
T(n,m,k) = C{Q(n, k).
Hence the number of surjective functions N — M is equal to
Q(n,m)=m"—=T(n,mm—1)—T(n,mm—2)—---—=T(n,m,1)
=m" —Co 1 Qn,m —1) = Ot ,Q(n,m —2) — -+ = C"Q(n, 1).

Now let us compute Q(n, m) for small values of m to find a general rule for Q(n, m).
If m = 1, then there exists only one function N — M = {1}, so

Q(n,1) =1.

Suppose m = 2, and let f : N — M = {1,2} be any surjective function. Then we
obtain a partition of NV into two non-empty sets:

/1), 7).
In fact, f71(2) = N\ f~(1), and so f is uniquely determined by the set f~'(1). Con-
versely, any subset X C N distinct from two sets @ and X determines a unique function:

AN M, f(X)=1, f(N\X)=2

The number of all subsets in NV is 2", whence the number all subsets of N distinct from
@ and X, that is the number of onto functions N — M is 2" — 2. Thus

Q(n,2) =2" — 2.

Let m = 3. Then

=3 - 3(2"—2)—3=3"—3.2"+3.
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For m = 4 we have
Q(n,4) = 4" — C5Q(n,3) — C3Q(n,2) — C1Q(n, 1)
=4" —4(3"—=3-2"+3)—6(2" —2) -4
=4"—-4-3"+12-2"-12-6-2"+12—-4
=4"—4-3"+6-2" —4.

We see that for m = 1,2, 3,4 the following formula holds true:
Qn,1) =Cy - 17,
Q(n,2)=C;5-2" - C?- 1",
y=C3-3"—Cy- 2"+ CF - 17,
)=Cf-4"—C5 3"+ Cy - 2" = Cf - 1™
Let us prove that
Q(n,m) =m" = Cor(m = 1)" + Ot y(m = 2)" = O y(m —3)" -+

For i € M let
Fi={f:N—=M|f(X)CM\{i}}
be the set of functions f : N — M whose image does not contain ¢ and F' be the set of

all functions f: N — M.
Then the number of all surjective functions f : N — M is equal to

=1 =1

Notice that for any family {F;} of subsets of a set F' we have that

m

((F\F)

=1

(1) |F| —

m

UF

i=1

(2) :Z|E|—Z|Elﬁﬂg|+ > |F,NF,NFy|+ -

11 <12 11<12<13

(DR NN -0 .
Indeed, suppose x € |J;-, Fi belongs exactly to k subsets, say Fi,...,Fy. Then z is

counted in
> IR
i

> |F, NE

11<i2

k = C7" times, in

C3' times, in

Z |F1i1mFi2ﬂFi3‘

11 <12<i3
C%" times and so on. Therefore in right hand side x will be counted
a=C"—Cl+Cp —--+ (=1)"'cm

times. But from the identity
0=1-1)"=Cy—C"+C —CP + -+ (—=1)™'Cm

m
— m —
=Cy'—a=1-—a,
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we get that
a=CP—=Cy+Cf —-+ (- 'Ol = 1.
This proves (2).

Now turning back to (1) notice that

|Fi = (m —1)".
Also
|Fy N0 NE
is the set of all functions N — M \ {i1,..., 7}, and so this number is (m — k)". Hence
> R, NF,Nn--NF|=Cf(m—k)".
i1 <ip <<y,
Therefore

e
=1

:Z\E!—Z!EMEQH SR, N Fy Nyl + -

i1 <iz i1 <io<i3
e (D)™ RN RN N Fy =
=Ch_i(m—=1)"=Cn_y(m—2)"+ O _s(m —3)" -
Thus

m

((F\F)

i=1

Q(n7m>: :‘F’_

UFE
=1
=m"—=Cp (m—1)"+C; o(m—2)" —C_5(m—3)"--

Answer. The number of onto functions from an n-element set to an m-element set is

Q(n,m) =0, n<m

and
Q(n,m) =m" —Cp_1(m —1)" + Ci_y(m —2)" — Cy_5(m —3)" -+
for n > m.



