Show that the set

W == {(xl,xz,x3,X4,):x1 + x2 + X3 + X4, - O}
is a subspace of R*. Verify that (1,—1,1,— 1) and (1,0,0,— 1) are in W. Find a basis of
W containing (1,—1,1,— 1) and (1,0,0,— 1).

Solution.
We need to prove that Vx,y € W, Ve, € R:ax + fy € W.
x = (X1,%2,X3,X4), ¥y = (Vy1,¥2, Y3, ¥a) =
= ax + fy = (axy + By, axz + Bz, axs + Pys, axy + fya);

Assume that x,y € W. Hence:

axy + fyr +axy + By, + axz + By +ax, + fy, =

=ax;+x,+x3tx) +O1+y+y3+y)=a-0+-0=0=>ax+ Ly €eW.
(X1, %2,x3,%4) =(1,-1,1,- D)= x1+x+x3+x,=1-141-1=0=
=(1,-1,1,-1) ew.
(x1,%9,%3,x4) = (1,00, 1) =2 x1+x,+x3+x,=1+0+0—-1=0>
= (1,0,0,—1) e W.

Consider the following vectors:

e; =(1,-1,1,-1),e, = (1,0,0,—1),e3 = (0,1,0, —1);

Prove that {e;, e,, e5} is a basis in W. We need to prove that {e,, e,, e5} is linearly independent
andVx € W:3 aq,a,,a3 € Rix = a,e; + aze, + azes.

a16’1 + azez + a3e3 = (0,0,0) = (al + az, _a1 + a3, al, _al - az - a3) = (0,0,0,0) =

a1 + az = 0 _ 0
_al + a3 = 0 az - . . .
= a, =0 = {az = 0> {e,, e,, e3}is linearly independent.
a1 = 0

—a, — 04, —az = 0
X EW = x = (x4, %, X3, —X1 — X3 — X3) = %,(1,0,0,—1) + x,(0,1,0,—-1) + x3(0,0,1,-1) =
= X1€ + Xp€3 + X3(€1 — €y + 63) = X3€1 + (X1 - X3)ez + (xZ + x3)e3.

Hence, {e,, e,, e3} is a basis in W.
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