
Show that the set  

𝑊 =  {(𝑥1, 𝑥2, 𝑥3, 𝑥4): 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 = 0} 

is a subspace of ℝ4. Verify that (1, — 1, 1, — 1) and (1, 0, 0, — 1) are in 𝑊. Find a basis of 

𝑊 containing (1, — 1, 1, — 1) and (1, 0, 0, — 1). 

Solution. 

We need to prove that ∀𝑥, 𝑦 ∈ 𝑊, ∀𝛼, 𝛽 ∈ ℝ: 𝛼𝑥 + 𝛽𝑦 ∈ 𝑊. 

𝑥 = (𝑥1, 𝑥2, 𝑥3, 𝑥4), 𝑦 = (𝑦1, 𝑦2, 𝑦3, 𝑦4) ⇒ 

⇒ 𝛼𝑥 + 𝛽𝑦 = (𝛼𝑥1 + 𝛽𝑦1, 𝛼𝑥2 + 𝛽𝑦2, 𝛼𝑥3 + 𝛽𝑦3, 𝛼𝑥4 + 𝛽𝑦4); 

Assume that 𝑥, 𝑦 ∈ 𝑊. Hence: 

𝛼𝑥1 + 𝛽𝑦1 + 𝛼𝑥2 + 𝛽𝑦2 + 𝛼𝑥3 + 𝛽𝑦3 + 𝛼𝑥4 + 𝛽𝑦4 = 

= 𝛼(𝑥1 + 𝑥2 + 𝑥3 + 𝑥4) + 𝛽(𝑦1 + 𝑦2 + 𝑦3 + 𝑦4) = 𝛼 ⋅ 0 + 𝛽 ⋅ 0 = 0 ⇒ 𝛼𝑥 + 𝛽𝑦 ∈ 𝑊. 

(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (1, −1,1, −1) ⇒ 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 = 1 − 1 + 1 − 1 = 0 ⇒ 

⇒ (1, −1,1, −1) ∈ 𝑊. 

(𝑥1, 𝑥2, 𝑥3, 𝑥4) = (1,0,0, −1) ⇒ 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 = 1 + 0 + 0 − 1 = 0 ⇒ 

⇒ (1,0,0, −1) ∈ 𝑊. 

Consider the following vectors: 

𝑒1 = (1, −1,1, −1), 𝑒2 = (1,0,0, −1), 𝑒3 = (0,1,0, −1); 

Prove that {𝑒1, 𝑒2, 𝑒3} is a basis in 𝑊. We need to prove that {𝑒1, 𝑒2, 𝑒3} is linearly independent 

and ∀𝑥 ∈ 𝑊: ∃ 𝑎1, 𝑎2, 𝑎3 ∈ ℝ: 𝑥 = 𝑎1𝑒1 + 𝑎2𝑒2 + 𝑎3𝑒3. 

𝑎1𝑒1 + 𝑎2𝑒2 + 𝑎3𝑒3 = (0,0,0) ⇒ (𝑎1 + 𝑎2, −𝑎1 + 𝑎3, 𝑎1, −𝑎1 − 𝑎2 − 𝑎3) = (0,0,0,0) ⇒ 

⇒ {

𝑎1 + 𝑎2 = 0
−𝑎1 + 𝑎3 = 0

𝑎1 = 0

−𝑎1 − 𝑎2 − 𝑎3 = 0

⇒ {

𝑎2 = 0
𝑎3 = 0
𝑎1 = 0

⇒  {𝑒1, 𝑒2, 𝑒3} is linearly independent. 

𝑥 ∈ 𝑊 ⇒ 𝑥 = (𝑥1, 𝑥2, 𝑥3, −𝑥1 − 𝑥2 − 𝑥3) = 𝑥1(1,0,0, −1) + 𝑥2(0,1,0, −1) + 𝑥3(0,0,1, −1) = 

= 𝑥1𝑒2 + 𝑥2𝑒3 + 𝑥3(𝑒1 − 𝑒2 + 𝑒3) = 𝑥3𝑒1 + (𝑥1 − 𝑥3)𝑒2 + (𝑥2 + 𝑥3)𝑒3. 

Hence, {𝑒1, 𝑒2, 𝑒3} is a basis in 𝑊. 
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