
 

 

Question#36856 – Math - Algebra 

 

𝑝2 = 𝑞𝑦 + 𝑟𝑧; 

𝑞2 = 𝑝𝑥 + 𝑟𝑧; 

𝑟2 = 𝑝𝑥 + 𝑞𝑦; 

𝑥

𝑝 + 𝑥
+

𝑦

𝑞 + 𝑦
+

𝑧

𝑟 + 𝑧
=? 

Solution. 

𝑝2 + 𝑞2 + 𝑟2 = (𝑞𝑦 + 𝑟𝑧) + (𝑝𝑥 + 𝑟𝑧) + (𝑝𝑥 + 𝑞𝑦) = 2(𝑝𝑥 + 𝑞𝑦 + 𝑟𝑧); 

−𝑝2 + 𝑞2 + 𝑟2 = −(𝑞𝑦 + 𝑟𝑧) + (𝑝𝑥 + 𝑟𝑧) + (𝑝𝑥 + 𝑞𝑦) = 2𝑝𝑥; 

𝑝2 − 𝑞2 + 𝑟2 = (𝑞𝑦 + 𝑟𝑧) − (𝑝𝑥 + 𝑟𝑧) + (𝑝𝑥 + 𝑞𝑦) = 2𝑞𝑦; 

𝑝2 + 𝑞2 − 𝑟2 = (𝑞𝑦 + 𝑟𝑧) + (𝑝𝑥 + 𝑟𝑧) − (𝑝𝑥 + 𝑞𝑦) = 2𝑟𝑧; 

Consider the case, when one of the numbers 𝑝, 𝑞, 𝑟 is equal to 0. Without loss of generality, 

𝑝 = 0: 

{

𝑞𝑦 + 𝑟𝑧 = 0

𝑞2 = 𝑟𝑧

𝑟2 = 𝑞𝑦

⟹ 𝑞2 + 𝑟2 = 0 ⟹ 𝑝 = 𝑞 = 𝑟 = 0 ⟹
𝑥

𝑝 + 𝑥
+

𝑦

𝑞 + 𝑦
+

𝑧

𝑟 + 𝑧
= 3; 

Now assume that 𝑝, 𝑞, 𝑟 ≠ 0. 

Hence: 

𝑥

𝑝 + 𝑥
=

2𝑝𝑥

2(𝑝2 + 𝑝𝑥)
=

−𝑝2 + 𝑞2 + 𝑟2

2(𝑝𝑥 + 𝑞𝑦 + 𝑟𝑧)
=

−𝑝2 + 𝑞2 + 𝑟2

𝑝2 + 𝑞2 + 𝑟2
; 

𝑦

𝑞 + 𝑦
=

2𝑞𝑦

2(𝑞2 + 𝑞𝑦)
=

𝑝2 − 𝑞2 + 𝑟2

2(𝑝𝑥 + 𝑞𝑦 + 𝑟𝑧)
=

𝑝2 − 𝑞2 + 𝑟2

𝑝2 + 𝑞2 + 𝑟2
; 

𝑧

𝑟 + 𝑧
=

2𝑟𝑧

2(𝑟2 + 𝑟𝑧)
=

𝑝2 + 𝑞2 − 𝑟2

2(𝑝𝑥 + 𝑞𝑦 + 𝑟𝑧)
=

𝑝2 + 𝑞2 − 𝑟2

𝑝2 + 𝑞2 + 𝑟2
; 

𝑥

𝑝 + 𝑥
+

𝑦

𝑞 + 𝑦
+

𝑧

𝑟 + 𝑧
=

−𝑝2 + 𝑞2 + 𝑟2

𝑝2 + 𝑞2 + 𝑟2
+

𝑝2 − 𝑞2 + 𝑟2

𝑝2 + 𝑞2 + 𝑟2
+

𝑝2 + 𝑞2 − 𝑟2

𝑝2 + 𝑞2 + 𝑟2
= 

=
𝑝2 + 𝑞2 + 𝑟2

𝑝2 + 𝑞2 + 𝑟2
= 1. 

Answer. 

𝑥

𝑝+𝑥
+

𝑦

𝑞+𝑦
+

𝑧

𝑟+𝑧
= {

1, if 𝑝, 𝑞, 𝑟 ≠ 0.
3, if 𝑝 = 𝑞 = 𝑟 = 0.

. 
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