
How to find exact solution of 𝑦′ + 𝑦 = 𝑥 + cos 𝑥? 

I am doing Euler method but could not find a method to find exact solution of above problem? 

Please explain with steps it is first order differential equation. Please note that I have find 𝑦 

using Euler method. 

Solution. 

Using the Euler method, we could not find an exact solution. We find the solution with some 

error. 

Use an integrating factor for solving our ODE. We have ODE in the form 

𝑦′ + 𝑃(𝑥) ∙ 𝑦 = 𝑄(𝑥) 

and the integrating factor 

𝜇(𝑥) = exp(∫ 𝑃(𝑥′)𝑑𝑥′
𝑥

0

) 

Solve our linear equation 

𝑦′ + 𝑦 = 𝑥 + cos 𝑥 

Let 

𝜇(𝑥) = exp(∫ 1 ∙ 𝑑𝑥
𝑥

0

) = 𝑒𝑥 

Multiply both sides by 𝜇(𝑥): 

𝑒𝑥𝑦′ + (𝑒𝑥)′𝑦 = −(𝑒𝑥(−𝑥 − cos 𝑥)) 

Apply the product rule 𝑔𝑓′ + 𝑓𝑔′ = (𝑓𝑔)′ to the left-hand side: 

(𝑒𝑥𝑦)′ = −(𝑒𝑥(−𝑥 − cos 𝑥)) 

Integrate both sides with respect to x: 

∫
𝑑

𝑑𝑥
(𝑒𝑥𝑦)𝑑𝑥 = ∫[−(𝑒𝑥(−𝑥 − cos 𝑥))]𝑑𝑥 

Evaluate the integrals: 

𝑒𝑥𝑦(𝑥) =
1

2
𝑒𝑥(2𝑥 + cos 𝑥 + sin 𝑥 − 2) + 𝐶, 

where 𝐶 is an arbitrary constant. 

Divide both sides by 𝜇(𝑥) = 𝑒𝑥: 

𝑦(𝑥) =
1

2
(2𝑥 + cos 𝑥 + sin 𝑥 +

2𝐶

𝑒𝑥
− 2) 

Answer: 

𝑦(𝑥) = 𝑥 +
cos 𝑥

2
+
sin 𝑥

2
+

𝐶

𝑒𝑥
− 1 
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