
Answer on question 35877 – Math – Differential Calculus 

We have a curve passing through (1,2) has the property that the length of the perpendicular drawn 

from the origin to the normal at any point of the curve is always equal numerically to the ordinate of 

the point. Please find its equation. 
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Let our curve is 𝑦 = 𝑓(𝑥), and we know that 𝑓(1) = 2. 

Let 𝑀(𝑥0; 𝑦0) is an arbitrary point on our curve. Then the distance between the origin and the 

normal at this point equals 𝑦0. Let us find this distance. 

The equation of the normal we will search as 𝑦 = 𝑘𝑥 + 𝑏. The slope of the normal equals   

 𝑘 = −
1

𝑓′(𝑥0)
 (because the slope of the tangent is 𝑓′(𝑥0) and the normal is perpendicular to the 

tangent. From the condition of two perpendicular lines we get the slope of the normal). Also we know 

that this line passes through the point M, therefore, we get 

𝑦0 = −
1

𝑓′(𝑥0)
𝑥0 + 𝑏 

Theterfom 

𝑏 = 𝑦0 +
1

𝑓′(𝑥0)
𝑥0 

And equation of the normal is  

𝑦 = −
1

𝑓′(𝑥0)
𝑥 + 𝑦0 +

1

𝑓′(𝑥0)
𝑥0. 

Now let us find the equation of PO. This line passes through the origin and perpendicular to 

the normal this means that its equation is 𝑦 = 𝑓′(𝑥0)𝑥. We need to find the coordinates of the point P 

now. 

(1;2) 

M 
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P 
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−
1

𝑓′(𝑥0)
𝑥 + 𝑦0 +

1

𝑓′(𝑥0)
𝑥0 = 𝑓′(𝑥0)𝑥 

And 

𝑥 =
𝑓′(𝑥0)𝑦0 + 𝑥0

(𝑓′(𝑥0))
2

+ 1
, 𝑦 =

𝑓′(𝑥0)𝑦0 + 𝑥0

(𝑓′(𝑥0))
2

+ 1
𝑓′(𝑥0). 

Now we can find the distance between the normal and the origin 

|𝑂𝑃| = √(
𝑓′(𝑥0)𝑦0 + 𝑥0

(𝑓′(𝑥0))
2

+ 1
)

2

+ (
𝑓′(𝑥0)𝑦0 + 𝑥0

(𝑓′(𝑥0))
2

+ 1
𝑓′(𝑥0))

2

=
𝑓′(𝑥0)𝑦0 + 𝑥0

√(𝑓′(𝑥0))
2

+ 1

. 

And this distance equals 𝑦0. As we consider the arbitrary point M then we can denote its 

coordinates as (𝑥, 𝑦). We obtain the equation 

𝑓′(𝑥)𝑦 + 𝑥

√(𝑓′(𝑥))
2

+ 1

= 𝑦 

Transforming this equation and remember that 𝑦(𝑥) = 𝑓(𝑥) we get 

2𝑥𝑦𝑦′ = 𝑥2 + 𝑦2 

This is the first order differential equation.  

2𝑥
𝑑𝑦

𝑑𝑥
𝑦 − 𝑦2 = 𝑥2 

Divide both sides by x we get 

2
𝑑𝑦

𝑑𝑥
𝑦 −

𝑦2

𝑥
= 𝑥 

Let 𝑣(𝑥) = 𝑦2(𝑥), which gives 
𝑑𝑣(𝑥)

𝑑𝑥
= 2𝑦

𝑑𝑦

𝑑𝑥
  

𝑑𝑣(𝑥)

𝑑𝑥
−

𝑣(𝑥)

𝑥
= 𝑥 

Divide both sides by x 

1

𝑥

𝑑𝑣(𝑥)

𝑑𝑥
−

𝑣(𝑥)

𝑥2
= 1 

Substitute−
1

𝑥2 =
𝑑

𝑑𝑥
(

1

𝑥
) 

1

𝑥

𝑑𝑣(𝑥)

𝑑𝑥
+ 𝑣(𝑥)

𝑑

𝑑𝑥
(

1

𝑥
) = 1 

Apply the inverse product rule to the left-hand side we get 

𝑑

𝑑𝑥
(

𝑣(𝑥)

𝑥
) = 1 

Integrate both sides with respect to x we obtain 

𝑣(𝑥)

𝑥
= 𝑥 + 𝑐 

Multiply both sides by x we get 
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𝑣(𝑥) = 𝑥2 + 𝑐𝑥 

Inverse substitution  

𝑦(𝑥) = √𝑥2 + 𝑐𝑥 

Also we have the initial condition 𝑦(1) = 2 

𝑦(1) = √1 + 𝑐   ⇒   𝑐 = 3 

Answer:  

𝑦(𝑥) = √𝑥2 + 3𝑥. 
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