
We have the matrix: 

𝐴 = (
2 1 1
2 3 2
2 1 2

) 

Let’s find eigenvalues: 

det(𝐴 − 𝜆𝐼) = det (
2 − 𝜆 1 1
2 3 − 𝜆 2
2 1 2 − 𝜆

)

= (2 − 𝜆)((3 − 𝜆)(2 − 𝜆) − 2) − (2(2 − 𝜆) − 4) + (2 − 2(3 − 𝜆))

= −𝜆3 + 7𝜆2 − 10𝜆 + 4 = −(𝜆 − 1)(𝜆2 − 6𝜆 + 4) = 0 

The roots of this polynomial are: 

𝜆1 = 1 

𝜆2,3 = 3 ± √5 

Let’s find eigenvectors corresponding to each of the eigenvalues.  

Eigenvectors for given 𝜆 are the fundamental solutions of the system 

(𝐴 − 𝜆𝐼)𝑥 = 0 

For 𝜆1 = 1 we have such matrix: 

𝐴 − 𝜆𝐼 = (
1 1 1
2 2 2
2 1 1

)~(
1 1 1
2 1 1

)~ (
0 1 1
1 0 0

) 

Eigenvector corresponding to 𝜆1 is thus 𝑣1 = 𝐶1(0,−1,1), where 𝐶1 is a real constant, 𝐶1 ≠ 0. 

For 𝜆2 = 3 − √5: 

𝐴 − 𝜆𝐼 = (
√5 − 1 1 1

2 √5 2

2 1 √5 − 1

)~(
√5 − 3 0 2 − √5

2 − 2√5 0 −3 + √5

2 1 √5 + 1

)~(√5 − 3 0 2 − √5

2 1 √5 + 1
) 

Corresponding eigenvector equals to 

𝑣2 = 𝐶2(1 − √5, 2 − 2√5, 4), where 𝐶2 is a real constant, 𝐶2 ≠ 0. 

For 𝜆3 = 3 + √5: 

𝐴 − 𝜆𝐼 = (
−√5 − 1 1 1

2 −√5 2

2 1 −√5 − 1

)~(
−√5 − 3 0 2 + √5

2 + 2√5 0 −3 − √5

2 1 √5 + 1

)~(−√5 − 3 0 2 + √5

2 1 √5 + 1
) 
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Corresponding eigenvector equals to 

𝑣3 = 𝐶3(1 + √5, 2 + 2√5, 4), where  𝐶3 is a real constant, 𝐶3 ≠ 0. 
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