
In R, define 𝑎 ∘ 𝑏 = 𝑎 + 𝑏 − 𝑎𝑏. Show that this binary operation is associative, and that (𝑅,∘) is a 

monoid with zero as the identity element. 

Solution. 

For ∀ 𝑎, 𝑏, 𝑐 ∈ ℝ, we have 

(𝑎 ∘ 𝑏) ∘ 𝑐 = (𝑎 + 𝑏 − 𝑎𝑏) ∘ 𝑐 = 𝑎 + 𝑏 + 𝑐 − 𝑎𝑏 − 𝑏𝑐 − 𝑎𝑐 + 𝑎𝑏𝑐 = 𝑎 ∘ (𝑏 + 𝑐 − 𝑏𝑐) = 𝑎 ∘ (𝑏 ∘ 𝑐) 

Furthermore, 𝑎 ∘ 0 = 𝑎 + 0 − 𝑎 ∙ 0 = 𝑎 and 0 ∘ 𝑎 = 0 + 𝑎 − 0 ∙ 𝑎 = 𝑎, so (𝑅,∘) is indeed a monoid 

with zero as the identity element. 
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