
Prove that gcd(𝑛 − 1, 𝑛 + 1) = 1 or 2 for each 𝑛 ≥ 2 and gcd(2𝑛 − 1, 2𝑛 + 1) = 1 for each 𝑛 ≥ 7. 

Solution. 

1. Assume that 𝑛 − 1 divides by 𝑑 and 𝑛 + 1 divides by 𝑑.  

Then (𝑛 + 1) − (𝑛 − 1) divides by 𝑑 and (𝑛 + 1) − (𝑛 − 1) = 2 (the difference of the two).  

The positive integer divisors of 2 is 1 or 2, so gcd(𝑛 − 1, 𝑛 + 1) = 1 or 2 for each 𝑛 ≥ 2. 

2. Assume that 2𝑛 − 1 divides by 𝑑 and 2𝑛 + 1 divides by 𝑑. 

Then (2𝑛 + 1) − (2𝑛 − 1) divides by 𝑑 and (2𝑛 + 1) − (2𝑛 − 1) = 2. 

The positive integer divisors of 2 is 1 or 2, but 𝑛 ≥ 7, so gcd(2𝑛 − 1, 2𝑛 + 1) = 1 for each 𝑛 ≥ 7. 
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