Task. Find the area of the triangle having medians of length 9 cm, 12 ¢cm and 15 cm.
Solution. Let a, b, ¢ be the sides of the triangle, and
mg =9, mp = 12, me =15

be the medians to the corresponding sides.
We will use the formula for the area of the triangle:

1
S = gab sin 7,

where 7y is the angle between a and b.

First we obtain a formula expressing the side of the triangle via its medians, and then using cosine theorem
will find cosy and sin~y.

Let us recall the formula for the median:

1
mZ = 3 2(a? 4 b%) — 2,
whence
4m? = 2(a® +b?) — 2.
Similarly,

4m?2 =2(b* + %) — a?,
4mi = 2(a® + ) — b*.
Adding these equations we will get
4(m2 +mi +m?) =2(a® + ) — 2 +2(b* + ) — a® +2(a® + ) — b,
4(m? +mi +m?) =3(a® + b* + ).

From
4m?2 =2(b* + ¢*) — a?

we also obtain that
b’ 4 =2m?2 +d?/2,

whence
A(mg +mj +m?) = 3(a® + 2m + a*/2),
4(m2 +mj +m?2) = 6m?2 + 9a*/2,
9a%/2 = 4m2 + 4mj + 4m? — 6m2,
9a%/2 = 4mj + 4m? — 2m2,
and so 4 4
a’ = §(2m§ +2m? —m?2) = 52 122 + 2 % 152 — 9%) = 292.
Similarly,
4 4
v = §(2m§ +2m2 —m?) = 52 92 + 2% 15% — 122%) = 208,
4 4
= §( m2 +2mi —m?) = §(2*92—|—2*122—152) = 100.

Let v be the angle between sides a and c¢. Then by cosine theorem

2 =a® +b* — 2abcosn,

whence
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and so the area of the triangle is equal to

1 V292 % 2 1 V94 1
Szgabsinfy: 92 x 08~ 8 :8 99~ 8 =4 %18 = 72cm?.
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