Find the canonical form of the following PDE:

Uy — E'ux}' + gu}'}' =Xy :

**Be sure to show the change of coordinates that reduces the PDE to
canonical form.

Solution:

a=1,b=-3,c=9

A=b* —ac =(—3)*—1-9 = 0, so the equation is parabolic.
Write down the characteristic equation:

dy? + 6dxdy +9dx* =0

dy 3
=
v=—-3x+C

Determine new variables £ and 7 :
{=olx,y)=3x+y

02 =30, = 1@y, = 0,0, = 0,9, =0
n=ylxy)=x

11£|'x = 1’ ﬁj}_ = I:I"-l'{;xx = I:I’ -]1{12_}_ = 0, 1#;}_}_ =0

o wl=l e

Upe = Ugp @ + 2y @, Hup ¥ +up@, +uy P, = Jug + 6uy, +u,,

Uy = UgsPu Py T Usy [:‘;3111'[':»' + ‘;J>'11[’x) T Uy T UpPay, T Uy Py = Sugs T ugy
Uyy = U@, + 2up o Fu t tupe, Ful,, S ug

Sugzr + 6ug, +u,, — 6[31:,;5: +u§,?) +9uz; = n(& - 3n)°

The canonical form is:

u,, = n(€— 3n)°
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