prove Heron's formula for area of a triangle whose sides are given a,b,c

The demonstration and proof of Heron's formula can be done from elementary consideration of
geometry and algebra. I will assume the Pythagorean theorem and the area formula for a triangle

A—lbh
=5 bh,

where b is the length of a base and h is the height to that base.

Let a, b, and c be the lengths of the sides of our triangle and h the height to the side of length c.

SN

h
b
We have
_a+b+c
= > :
so, for future reference,
2s=a+b+c
2(s-a)=-at+b+c
2(s-b)=a-b+c

2(s-c)=a+b-c

There is at least one side of our triangle for which the altitude lies "inside" the triangle. For
convenience make that the side of length c. It will not make any difference, just simpler.

Our task is to express h in terms of a, b, and c, then substitute forh in A = %Ch'
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c

Let p + g = c as indicated. Then

h? + p? = a?
and

h? + q* = b.
Since

q=c—p,

then

q* = (c — p)*
and

q? = c? — 2cp + p2.

Adding h? to each side gives
h? + q% = h* + ¢? — 2cp + p2.
Now substitute in this equation and get b2 = a® — 2cp + ¢? and solve for p to get

_a’+c?-b?
p= 2c '
Now, since h? = a? — p? we can substitute for p and get an expression in terms of a, b, and c.

h? =q? —p? =

(a+p)la—p)=

a’ + c? — b? a’® + c? — b?
at+————|la————— | =
2c 2C

2ac + a® + c? — b3\ (2ac — a® — c? + b?
2C 2C

((a+)?*=b)(*-(@—-0c)?) (a+b+c)(—a+b+c)a+b+c)a+b—c)
4c? a 4c2 =
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2s*2(s—a)*2(s—b) *x2(s—¢)

4c2
Therefore
B2 — 4s(s —a)(s —b)(s — ¢)
CZ
. 2y/s(s —a)(s — b)(s — ¢)
c
Since
A =—=ch,
then
A= lc 2\/5(5 —a)(s—b)(s— c)’
2 c
and

A= \/s(s —a)(s—=b)(s—c).


http://www.AssignmentExpert.com

