Letu=1-x2-x3,v=1-x— x4 ,R=Z[{] where(is a primitive 5th root of unity. By Dirichlet’s Un
Theorem, UR) has rank 1. To shorten the proof, we shall assiim@umber-theoretic fact that X'is a
fundamental unit ifR, that is, UR) =<1 +{ > {*{'}.

(Of course, 1 € has infinite order. Its inverse i + ¢%).) Now consider the projectiop : ZG — Rdefined by

@(X) = . We claim thatp : U(ZG) — U(R) is an injection. To see this, suppapéro + aax + - - -+ asxX?) = 1,
whereg; € Z. This implies that 1 =g + ol + (Xz{z + OC3C8 + a4(—l -(- 42 - 48) = ((Xo - OC4) + (0(1 - 0!4)("‘ (az -
as) + (03— as)(3, 50 We haven = a, = az = a4 = a (say), andz = 1+a. On the other hand, the “augmentation”

ag+ay+- - +as= (14a) + 4o =1 + B must betl, sinced "X € U(ZG). Therefore, we must have= 0,
and ) "o;X' = 1, which proves our claim.

We can now determing(ZG) by computingg(U(ZG)). Of course g(+G) = {+('}. A simple calculation using
the same ideas as above shows that Z+@(U(ZG)). On the other handiv= 1 (by direct calculation), and

PxY) =1-F =) =¢-C+@L++E+O) =1+ 2+ 7= (117
This, together withp(xG) = {x'}, imply that [UR) : ¢(U(ZG))] <2. Since 1 ¥ ¢ @(U(ZG)), equality must

hold, and we must haw(U(ZG)) = <(1 +{)>- {+{'}, and therefore
U(ZG) =<xu>x (#G) =<u>x (#G) ~Z @Z2 @Z5.
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