
Let u = 1− x2 − x3, v = 1 − x − x4 , R = Z[ζ] where ζ is a primitive 5th root of unity. By Dirichlet’s Unit 
Theorem, U(R) has rank 1. To shorten the proof, we shall assume the number-theoretic fact that 1 + ζ is a 

fundamental unit in R. Consider the map ϕ : ZG → R defined by ϕ(x) = ζ. Then uv = 1 (by direct calculation), 

and ϕ(xu) = ζ(1 − ζ2 − ζ3) = ζ − ζ3 + (1 + ζ + ζ2 + ζ3) = 1 + 2ζ + ζ2 = (1+ζ)2. Of course, 1 + ζ has infinite order. 
Then u has infinite order. 
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