Write G = U;x H . First assume char k | [G: H]. SincekG=a&;xkH , any a & rad kG can be written in the form
Yxa; whereo; & kH. We claim that each o; & rad kH. Indeed, consider any simple kH-module W. Then,
kG &n Wisasemisimple kKG-module, 0 0= a - KG&n W 2X%0; &n W=2¥% @aW. Thisimplies that oW =10

foral i, soa; € rad kH. We have now shown that rad kG < kG -rad kH, and the reverse inclusion follows from
kH N rad kG = rad kH. (Note that the work above actually yields an explicit dimension eguation: dimy rad kG =
[G: H] dimg rad kH.)

For the converse, let us now assume that rad kG = kG -rad kH. Consider the group algebra R = k|G/H] as a left
kG-module (viathe action of G on G/H). Since H acts as the identity on R, the augmentation ideal of kH acts as
zero, and therefore so do rad kH and rad kG = kG -rad kH. We can then view R as akG/lrad kG-module. Since
kGirad kGisasemisimplering, Risasemisimple kG/rad kG-module. Therefore, Ris also a semisimple module
over kG and over R, so Risitself asemisimple ring. Now we have that char k | [G: H].
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