
Show that each of the following equations has a solution of the form 

𝑢 𝑥, 𝑦 = 𝑒𝑎𝑥+𝑏𝑦 . 
Find the constants a,b for each example: 
a) 𝑢𝑥 + 3𝑢𝑦 + 𝑢 = 0. 

b) 𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 5𝑒𝑥−2𝑦 . 

 

Solution: 

a) 

We have 

𝑢𝑥 𝑥, 𝑦 =
𝜕𝑢

𝜕𝑥
=

𝜕

𝜕𝑥
 𝑒𝑎𝑥+𝑏𝑦  = 𝑎𝑒𝑎𝑥+𝑏𝑦 ; 

𝑢𝑦 𝑥, 𝑦 =
𝜕𝑢

𝜕𝑦
=

𝜕

𝜕𝑦
 𝑒𝑎𝑥+𝑏𝑦  = 𝑏𝑒𝑎𝑥+𝑏𝑦 . 

Then 

𝑢𝑥 + 3𝑢𝑦 + 𝑢 = 0, 

𝑎𝑒𝑎𝑥+𝑏𝑦 + 3𝑏𝑒𝑎𝑥+𝑏𝑦 + 𝑒𝑎𝑥+𝑏𝑦 = 0, 
(𝑎 + 3𝑏 + 1)𝑒𝑎𝑥+𝑏𝑦 = 0. 

So the function 𝑢 𝑥, 𝑦 = 𝑒𝑎𝑥+𝑏𝑦  will be the solution of the equation 𝑢𝑥 + 3𝑢𝑦 + 𝑢 = 0 if 

𝑎 + 3𝑏 + 1 = 0, 
𝑎 = −3𝑏 − 1, 𝑏 ∈ 𝑅. 

b) 

We have 

𝑢𝑥𝑥  𝑥, 𝑦 =
𝜕

𝜕𝑥
 
𝜕𝑢

𝜕𝑥
 =

𝜕

𝜕𝑥
 𝑎𝑒𝑎𝑥+𝑏𝑦  = 𝑎2𝑒𝑎𝑥+𝑏𝑦 ; 

𝑢𝑦𝑦  𝑥, 𝑦 =
𝜕

𝜕𝑦
 
𝜕𝑢

𝜕𝑦
 =

𝜕

𝜕𝑦
 𝑏𝑒𝑎𝑥+𝑏𝑦  = 𝑏2𝑒𝑎𝑥+𝑏𝑦 . 

Then 

𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 5𝑒𝑥−2𝑦 , 

𝑎2𝑒𝑎𝑥+𝑏𝑦 + 𝑏2𝑒𝑎𝑥+𝑏𝑦 = 5𝑒𝑥−2𝑦 , 
(𝑎2 + 𝑏2)𝑒𝑎𝑥+𝑏𝑦 = 5𝑒𝑥−2𝑦 . 

So the function 𝑢 𝑥, 𝑦 = 𝑒𝑎𝑥+𝑏𝑦  will be the solution of the equation 𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 5𝑒𝑥−2𝑦  if 

 
𝑎2 + 𝑏2 = 5,

𝑎𝑥 + 𝑏𝑦 = 𝑥 − 2𝑦.
  

So we have 𝑎 = 1, 𝑏 = −2. 
 

Answer: 

a) 𝑎 = −3𝑏 − 1, 𝑏 ∈ 𝑅. 
b) 𝑎 = 1, 𝑏 = −2. 
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