Question 1. If R is a ring with identity, then prove that (a) = {> ., s;at; |
n €N, s;, t; € R} = RaR.

Solution. First of all show that RaR is an ideal of R. Taking any > | s;at; €
RaR and multiplying it on the left or on the right by r» € R we get

n

n
eriati € RaR, Zsiatir € RaR.
i=1

=1

Now for arbitrary > | s;at; € RaR and Z;nzl ujav; € RaR their difference
Is

m—4n
Z rrayr € RaR,
k=1
where
Sks 1<k <n, 7 1<k<n,
Ty = , = )
’ —Up—p, N+1<Ek<m+n ; —Vg—n, n+1<k<m+n

Hence RaR is a subgroup of additive group of R. So, (a) C RaR. The
converse inclusion: since a € (a) and (a) is a (two-sided) ideal, then for all
si,ti € R, i = 1,...,n, we have s;at; € R. Therefore, > | s;at; € (a),
because an ideal is closed under addition. Thus, RaR C (a). O



