Conditions

Compute lower and upper integrals oOf the function
f(x)

=4, 1&It;=x&lt;=2

=3, 2&It;x&lt;=4

=2, 4&It;x&lt;=5

Is this function Riemann integrable on [1,5]? Justify.

Solution
4,1 <x =<2
f=43,2<x<4
2,4 <x=5

Here we must use the Darboux integral theory.

The lower Darboux sum:
s(f.1) = kauk - ?‘-':.:—1:'
=1

The upper Darboux sum:

(0}

S(fio) = Z My (%, — 2q)

k=1
Where:

my =inf {f (z) : 7 € [z, 7]} k=10
My, =sup{f(z):z € [zp_1, 2]} , k=1,n

T={ap}pp:0=Tp<T1 <...<Tp 1 <T, =0
For our case:

nra=1=<2<4<5=5)
s(Fr)=4-(2—1)+3(4—2)+2(5-4)=4+6+2=12
S(F)=4-(2—-1)+3(4—2)+2(5—-4) =12

Vrs(f,r) <L(f) < I (f) <S(f,7)

As we have equal s(f,T)and S(f,T), then upper and lower integrals are equal to 12.
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Jf(x)dx=J 4.:{1-—J Scfl'—J 2dx=8-4+12—-6+10—-8=12
1 1

-

As

F(f)=L(f)=[f@)d

Then function is integrable on [1,5] by the Darboux criterion.
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