Conditions
for non-trivial subspaces U and W of a finite-dimensional vector space V, define
U+W := {u+w | u element of U and w element of W}. Prove that U+W is a subspace of V
Solution
Consider a finite-dimensional vector space V with a field P.

U,W — subspaces of V

If we want prove, that U+W is a subspace of V, we must use the Subspace criterion. It claims,

that:
Non-trivial set X V7 is a subspace of V if and only if, when:

1. Vo, veXx+velX
2. Vae P vyxeX arve X

First we must prove, that U+W is in V.

Let’s V is a n-dimensional space. Fix a random basis (v, 75, .17, )€ V
As U is a subset of V, then:

YVuelu=a,v, +a,v, ++a,v, ay,.. a,eF

As W is a subset of V, then:

YweW,w=>bv, + by, +--+b,v,, by, .. beP
u+v=a,v; +a,v, + - +a,v,+bv, +bv, +--+b,v,.by .. b,
= (ay + by)vy + (@ + bvy + -+ (@, + b, ),

So, u+w is an element of V for each u and w, so U+W isin V.
The first condition of the Subspace Criterion is obvious:

Yu,y,u, € U, uy + u, € U (as Uis a subspace of V and the criterion for U is correct)
Ywy,wy, e Wowy + w, e W (as W is a subspace of V and the criterion for W is correct)

Yugu, e U, Ywy,w, eW, uy+wy, +u,+w, is in U+W, because 1y +u,el

wy, +w, e W,

The second condition of the Subspace Criterion is obvious too:

As U and W are subspaces, then the 2" condition is correct for them:
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and
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Vae P Vuel auel

Yhe PYweW, bwelW

For U+W:

YeceP,qe (U+W)

Consider c(U+W):

c(U+W)=cutoew,uellweW

As we know,

Yae P,VWue U, aue U, especially, for a=c

vh e P.Yw e W, bw e W, especially, for b=c

Ascu e U, cw e W, than cu + cw € U + W (by the definition of U+W)

Then the 2™ condition is correct.

Q.E.D.
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