Conditions

look at the matrix

A=

1 2 -2 -1
o1 2 -3
1 4 2 -7
1 3 0 -4

what is the dimension of the row space of the matrix A ?
what is the dimension of the column space of the matrix A ?
what is the dimension of the null space of the matrix A ?
Give the null space for matrix A ?

Solution
1 2 -2 —1
o 1 2 -3
4= 1 4 2 =7
1 3 0 —4,

The dimension of the row space of a matrix is called row rank.

The row rank of a matrix A is the maximum number of linearly independent row vectors of A.
Equivalently, the column rank of A is the dimension of the column space of A, while the row
rank of A is the dimension of the row space of A.

A result of fundamental importance in linear algebra is that the column rank and the row

rank are always equal. This number (i.e. the number of linearly independent rows or columns)

is simply called the rank of A.

It's obvious to notice, that the 4" row is equal to a 3" minus 2" . Let’s do this linear
transformation:

1 2 —2 -1 1 2 -2 -1
0 1 2 —3 N o 1 2 —3
1—-0 4—-1 2-2 -7—(-3) 1 3 0 -4
1 3 0 —4 / w13 o —4

We have 3 rows left

1 2 -2 -1
('D 1 2 —3)
1 3 0 -4

Let’s check, if other 3 rows are linear independent:

1 2 -2 -1 1 2 -2 -1
('D 1 2 —3) ~(3rd minus 1lst)~ ({J 1 2 —3)
13 0 -4 W1 2 =3

As we see, the 2" row is the linear combination of 3™ minus 1°.

So we have at least 2 rows, which were linear dependent.
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1 2 -2 -1
[JD 1 2 —SJ

As we see, the 1% element in 2™ row is 0, and the 1% element in 1° row is 1. This elements
couldn’t be transform to each other by any linear transformation, so that means, that the rank
of Ais 2

The row space of A is equal to a column space of A and is equal to 2.

The null space of matrix Ais the set of all vectors x for which Ax=0. The product of the
matrix A and the vector x can be written in terms of the dot product of vectors:

' - X
I's - X
Ax = _ :
'y - X
where ry, ..., Imare the row vectors of A. Thus Ax = 0 if and only

if x is orthogonal (perpendicular) to each of the row vectors of A.
The matrix equation Ax = 0 is equivalent to a homogeneous system of linear equations:
a1y + a2 + -+ Aipt, =0

ap Ty + QAga&9 + -+ -+ dgpty, =0

A1 T1 + QaTa + -+ + ATy = 0.

It’s obvious that our system has a form:
{1'1 +2x, —2x;,—x,=0

The dimension of null space is 2, because we have 2 free vectors, which is from R, and only 2
could be solved for fixed values of these 2. Really, let’s x;eR, x .eR

Then
X, = —2x;+ 3x,

Forx; =1,x, = 0:

x,=—6+1=—5

The basis of null space is:
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