Conditions

Using the epsilon-delta definition of the limit, prove that if lim x-->a f(x) and lim x-->a g(x) exist,
then lim x-->a [f(x) + g(x)] = lim x-->a f(x) + lim x-->a g(x).

Solution
Definition. The limit of function f(x) is equal to F (when x =a), if:
Ye=036=40(e)Va: |lx—al <d|f(x)—F|==¢
Let’s write, what means that f(x) and g(x) have limits when x>a:
We= 034, =8,(s) vV lx—al =4, |f(x)—Fl=<¢
Ve>=036,=8,(c) Ve lx —al < 4§, |lglx) — G| < ¢
Fix £ = 0, consider § = max(d,;d,)
lflx) —F+o(x) -Gl =If(x)+ g(x) - (F+ ) = |f(x) —Fl + lg(x) — G| = 2¢
As we can see:
Ve =036 = §(e) = max(d,;6,) Va: |x—al <6 |f(x) +g(x)—(F+G)| < 2¢

This means, that f(x) + g{x) has a limit and it exactly equal to the sum of F and G.

Q.E.D.
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