The variational method is the other main approximate method used in quantum mechanics.
Compared to perturbation theory, the variational method can be more robust in situations where
it's hard to determine a good unperturbed Hamiltonian (i.e., one which makes the perturbation
small but is still solvable). On the other hand, in cases where there is a good unperturbed
Hamiltonian, perturbation theory can be more efficient than the variational method.

The basic idea of the variational method is to guess a ""trial" wavefunction for the problem,
which consists of some adjustable parameters called “variational parameters.” These parameters
are adjusted until the energy of the trial wavefunction is minimized. The resulting trial
wavefunction and its corresponding energy are variational method approximations to the exact
wavefunction and energy.

Why would it make sense that the best approximate trial wavefunction is the one with the lowest
energy? This results from the Variational Theorem, which states that the energy of any trial
&g
wavefunction E'is always an upper bound to the exact ground state energy . This can be
proven easily. Let the trial wavefunction be denoted @. Any trial function can formally be
w;
expanded as a linear combination of the exact eigenfunctions . Of course, in practice, we
v,
don't know the , since we're assuming that we're applying the variational method to a
problem we can't solve analytically. Nevertheless, that doesn't prevent us from using the exact
eigenfunctions in our proof, since they certainly exist and form a complete set, even if we don't
happen to know them. So, the trial wavefunction can be written

®=) al, (146)

and the approximate energy corresponding to this wavefunction is

O*HD
E[®) = Jr— (147)
[
Substituting the expansion over the exact wavefuntions,
e [U*HT .
E[q)] — %] Ca. f.]' Jr (] - 1 (148)
Yujcie; [ U
W, . HY; = &Y,
Since the functions are the exact eigenfunctions of H, we can use to obtain
o ceE [T
E[®] = 2 - i/ = (149)
e [UT;
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Now using the fact that eigenfunctions of a Hermitian operator form an orthonormal set (or can
be made to do so),
> 6 Gl
E[®| = —/——. 150
] S, (150)

&

We now subtract the exact ground state energy ~ from both sides to obtain
> C?‘Cs(ﬂga - gn)
E®| - & = — : 151
[ ] & > i 66 (151

Since every term on the right-hand side is greater than or equal to zero, the left-hand side must
also be greater than or equal to zero, or

E[®] > &. (152)

In other words, the energy of any approximate wavefunction is always greater than or equal to

&

the exact ground state energy . This explains the strategy of the variational method: since the

energy of any approximate trial function is always above the true energy, then any variations in

the trial function which lower its energy are necessarily making the approximate energy closer to

the exact answer. (The trial wavefunction is also a better approximation to the true ground state

wavefunction as the energy is lowered, although not necessarily in every possible sense unless
(I) — ]I'rﬂ

the limit is reached).

¢(r) = e
One example of the variational method would be using the Gaussian function as
a trial function for the hydrogen atom ground state. This problem could be solved by the

¢(r)

variational method by obtaining the energy of as a function of the variational parameter &,
E(ﬂ') min
and then minimizing to find the optimum value . The variational theorem's
o(r) = emomin"”
approximate wavefunction and energy for the hydrogen atom would then be

E (amin)
and .

Frequently, the trial function is written as a linear combination of basis functions, such as

=) cidi (153)
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This leads to the linear variation method, and the variational parameters are the expansion

&
coefficients . The energy for this approximate wavefunction is just
c*c. [ Ho:
E[®] = 25 6 *J ¢ . 2 , (154)
i €ici [ 19
which can be simplified using the notation
H;, = [ofe, (155
S; = f o s, (156)
to yield
D ci o H;;
E@ == -1 72, (157)
245 01 iS5
Ci
Differentiating this energy with respect to the expansion coefficients yields a non-trivial
solution only if the following ““secular determinant™ equals 0.
Hll - ES]_]_ le - ESIZ e HlN - ESIN
HZl - ESZI HZZ - ESZZ e HZN - ESEN
. . . . = 0. (158)
Hy1 — ESyy Hnz— ESny -+ Hyn— ESnn
If an orthonormal basis is used, the secular equation is greatly simplified because is 1 for
t=] vF] o
and 0 for . In this case, the secular determinant is
Hll - E le e HlN
Hzl HEE_E HEN
i : : . = 0. (159)
Hpy Hy; -+ Hyn—E

In either case, the secular determinant for IV basis functions gives an [V -th order polynomial in
E which is solved for N different roots, each of which approximates a different eigenvalue.

The variational method lies behind Hartree-Fock theory and the configuration interaction method
for the electronic structure of atoms and molecules.
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